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Abstract

Nearly any standard financial model concludesthat two assets with identical cash flows must sell
for the same price. Closed-end mutual fund company share prices seem to violate this
fundamental tenant. Even when one considers several standard frictions, such astaxes and agency
costs, classical financial models cannot easily explain the large persistent discountsfound in the
data. Thispaper showsthat in an otherwisefrictionless market, if production capacity varies
randomly over time and agents possesfinite lives a closed-end mutual fund’s stock price may not
track itsnet asset value. The analysis providesa number of conditionsunder which these
discrepancieswill lead to the existence of systematic discountsfor the mutual fund’sshares. In
addition, the model provides predictionsregarding the correlation between current closed-end
fund discounts and current changesin stock prices and future changesin cor porate productivity.
The same parameter valuesthat lead to systematic discounts also lead to other fund price
characteristicsthat resemble many of theresultsfound within empirical studies. Finally, the
resultsin this paper may also be of interest to practitioners since they apply to zero dividend
portfoliosin general and not just those created by a positions that involve closed-end funds. In a
typical financial model such portfolios must always sell for a zero price. Thus, when they do not
traditional models provide very little guidance regar ding the risks one might take on by investing
in them. In contrast, since the model in this paper showsthat zero dividend portfolios can sell for a
non-zer o amount, it also provides a theor etical basesfor estimating therisk-return tradeoff such
portfolios offer to investors.



Closed-end mutual fundstend to sell at a discount relative to their net asset value. How can this
be? Any reasonabletheory of capital markets should rule out arbitrage, and closed-end fund
discounts appear to provide ar bitrage opportunities. Malkiel (1977) put forth a number of
frictions (such astaxes and agency costs) that might explain observed closed-end fund discounts.
However, he showsthat while these frictions can account for some of the observed discount they
cannot account for all of it.> Lee, Shleifer and Thaler (1990) make the additional point that even if
taxes and agency costs did explain the observed magnitude of closed-end fund discounts, there still
remain a number of outstanding issuesregarding timetrendsin the data that neither agency costs
nor taxes seem well equipped to deal with.

In responseto theinability of the standard financial model to fully explain the closed-end
fund data, two alter native explanations have been proposed. In Lee, Shleifer, and Thaler (1991)
small irrational agents create the discounts by trading on correlated sentiment. In Chordia and
Swaminathan (1997) frictionsincluding asymmetric information and mar ket segmentation lead to
closed-end fund discounts. While both of these models undoubtably help solve this puzzle, they do
represent rather significant departuresfrom the standard financial markets model in which
rational agentstradein africtionless environment. Thispaper arguesthat it may betoo soon to
give up on the standard capital markets model since arather close cousin of that model can explain
both observed closed-end fund discounts and its associated properties.

By making two relatively minor modifications to the standard capital asset market’s model
one can explain many of the empirical regularities and produce some, as yet, untested predictions.

First, this paper dropsthe assumption that people live forever and replacesit with agentsthat have

'Additional work on the relationship between taxes and observed closed-end fund discounts has
since been conducted by Brickley, Manaster, and Schallheim (1991), and Pontiff (1995). Both papers
provide mixed evidence regarding the empirical validity of this hypothesis. With regard to agency costs,
Barclay, Holderness, and Pontiff (1993) provide additional support regarding their influence on the
discount. More recently, Pontiff (1996) trading costs may explain part of the discount’s magnitude and
behavior.



finitelives. Thisrather simple, and realistic, change doesa great deal to alter an investor’s
equilibrium behavior. When agentsonly livefor afinite amount of time they only care about price
movements and dividend cash flowsthat will occur beforetheir deaths. Of coursethispoint isnot
new and can befound in articles such as Dow and Gorton (1994) and Holden and Subrahmanyam
(1996). Second, the model assumesthat productive cor porate capital variesrandomly through
time. Thiscapturestheideathat while agents may know something about the quantity of capital
equipment in use by various firmsthey do not know precisely what these levelswill bein the
future. By adding both featuresto a frictionless multi-asset model a second equilibrium emer ges.?

Intuitively, the model showsthat closed-end fund discounts can occur if people smply
believe that they can occur. Arbitrage arguments, asto why discounts cannot exist, rest on theidea
that if a discount does appear investorswill try to take advantage of the situation by going
infinitely long the fund and short the underlying securities. But imaginethat you discover a
closed-end fund that currently sellsfor lessthan itsnet asset value. Would you willingly take an
infinitely long position in the fund and a short position in the underlying stocks? Not if you had to
close out the position by some finite date, and you thought that the discount might widen prior to
then. Instead you might take a small position depending upon your beliefsregarding therisk-
return tradeoff. But thismeansthat traderssubmit finite (rather than infinite) demandsin
responseto discounts. If asset suppliesvary then that variation will induce the discount to
fluctuate over time, fulfilling people s beliefs.

The model’sanalysis not only showsthat discounts can exist within a fairly classical model,
but also that the existence of discounts can be linked to a number of other related phenomena. The

same parameter values of the model that produce closed-end fund discounts also produce a

The fact that overlapping generations models can produce multiple equilibria goes back to
Azariadis (1981).



number of other patterns, many of which have been documented in empirical studies. These

include: (1) closed-end fund prices are mor e volatile than the underlying net asset value (Pontiff

(1997)), (2) closed-end fund discounts are mean reverting (Thompson (1978), and Pontiff (1995)),

(3) closed-end fund discounts widen when concurrent cor porate productivity (perhaps proxied for

by stock prices) goes up unexpectedly (Malkiel (1977) and Pontiff (1995)), and (4) closed-end fund

discounts ar e negatively associated with futur e aggregate economic activity (Swaminathan (1996)).

In addition the model also generates a number of new, and untested, predictionsregarding cross-

sectional patterns between thetimetrend in the discount and changes within thereal economy.

Thefindingswith regard to corporate productivity are summarized in the following table.

Predictions on the Relationship Between Closed-End Fund
Discounts and Cor porate Productivity

Empirical Work
@ = Verified, 8 = Not Yet

future cor porate production for fundsthat hold industries
with capital basesthat mean revert relatively slowly.

Tested
If the discount iscorrelated with small firm returnsthen it
isalso correlated with the stock of small firm capital.
Larger discounts associated with fundsthat hold securities
in industrieswith relatively slow mean reverting capital
supplies.
Discount positively correlated with current corporate o
production.
Discount should be stronger for funds holding industries
with capital basesthat mean revert relatively slowly.
Negative correlation between closed-end fund discounts and o
future cor porate production.
Stronger negative correlation between closed-end fundsand

At itsheart the closed-end fund puzzlereally asks how can an “arbitrage” portfolio sell for

anon-zero amount. Thus, any model about the closed-end fund puzzle can also be applied more

generally to other arbitrage portfolios. In light of therecent financial breakdownsin the hedge




fund industry this seemsto be a particularly timely issue. Hedge funds generally take offsetting
long and short positions, and thus they collapse when changesin relative market prices move
against them. The model presented in this paper offersa possible explanation asto wherethey
went wrong. In atypical financial model arbitrage portfolios must always sell for a price of zero.
Thus, those models provide very little guidance regarding the price path of these portfolios should
pricesdivergefrom their assigned equilibrium value. In contrast, since the model presented here
findsthat arbitrage portfolios need not sell for exactly zero it also offer s guidance about the
possible price path.®> Thisin turn can be used by practitionersto help gauge the potential risks and
returnsthat the market may offer in such cases.

On a methodological note this paper providesajustification for the mathematical structure
found in “random shar e supply” models based upon first principles. The model presented here
beginswith the assumption that corpor ate productive capacity changes randomly over time, and
that these changes arise from the efforts of individuals whose remuneration is deter mined by a
competitive market. If one now considersinvestor demand over units of capital rather than shares
of stock, theresulting equilibrium conditions ar e equivalent to what one typically beginswith in a
random share supply model. The advantage of this paper’sderivation isthat it helpsto firmly
distinguish random shar e supply modelsfrom “noisetrader” models. In anoisetrader model, the
mar ket phenomena induced by the noisetrader swill be orthogonal to real changesin the

productive capacity of the economy. In contrast, random share supply models (when derived from

*Thisis not to say that no other models exist in which “arbitrage” portfolios sell for nonzero
amounts. Shleifer and Vishny (1997) discuss how capital constraints can produce arbitrage opportunities
that the market cannot eliminate. 1n contrast this paper shows that arbitrage portfolios may sell for
nonzero amounts even in the absence of such constraints. Alternatively, one can seek guidance from
bubble models such as Jackson (1994). Bubble based explanations differ from the present model in both
their assumptions and results. For example, bubbles must have an expected growth rate equal to the
interest rate. 1n the model presented here the price of an arbitrage portfolio will not on average display
such growth.



first principles) tietheinduced market phenomenato changesin corporate production. Thisis
what allowsthe current paper to both reconcile the set of currently documented correlations
between closed-end fund discounts and cor por ate productivity, and to produce new and untested
predictionsin thisarea.

The paper’sstructureisasfollows. Section 1 presentsthemodel. Part 1.1 laysout the
mathematical details describing the economy. Part 1.2 calculatesthe equilibrium conditionsfor
the model’ s parameters. Next part 1.4 outlinesthe basic properties of the solution with regard to
closed-end fund discounts, and provides some empirical predictions. Part 1.5 examinesthe
relationship between closed-end fund discounts and future economic activity within the corpor ate
sector. Section 2 discussesthe paper’srelationship to thetheoretical literature. Section 3
concludes. Appendix A discussesthe stability of the different equilibria, and Appendix B contains

most of the proofs.

1 TheModd

11 Description of the Economy

The economy progr esses through time via a sequence of overlapping gener ations. People
livefor two periods, and consume only in their last period of life. Their preferences over
consumption are represented via a negative exponential utility function with risk aversion
parameter 8. At the start of period t a new generation of individualsare born. For simplicity, the
model assumesthat the population’s size does not vary over time, with each generation being of
size“one.”

Therearetwo partstotheeconomy a“real” sideand a“financial” side. Thereal side
representsthe actual production processesin the economy such as plant and equipment which the
paper callsthe cor porate capital stock. Thesereal assets produce cash flowsand in combination

5



make up firms. Thefinancial side of the economy representsthe place wher e claims against these
assetsaretraded.

Firmsusetheir capital stock to produce cash flows. Denote the period t capital stock via
the kx1 vector N, = (ny, Ny, . . . ,N,)" and the corresponding dividend vector by D, = (dy, dy, . . -,
d,)’.* For simplicity let each element of N, represent the capital stock of a particular firm.> Thus,
firm i’s cash flow production in period t+1 equals nyd,.,;. Not all of these cash flows go to the
investors, rather some of them go to pay off labor and their wages are represented by the kx1
vector G, = (g, O - - -» Ow)'- Therefore, the period t ownersof firm i receive a aggr egate dividend
payment of nyd,;;-0.1; the next period.

Upon birth the period t generation is endowed with a kx1 vector of “human capital.” When
people enter the workforce they sell their endowment of human capital to the cor porate sector
which then turnsit into cor porate capital. One can think of the conversion process thisway:
people are born with skillsand when in the employ of firmsthey usetheir skillsto construct
capital itemslike buildings and machinery. Oncethe capital items ar e built they then become part
of the cor porate capital base. The model assumesthat the period t endowment of human capital
will be transformed into an amount of cor por ate capital equal to the vector A(]V—Nt_l)mt. Within

thisformula, A equals a kxk constant matrix with elements a;, and N akx1 constant vector all of

“In keeping with notational tradition the paper uses capital |etters to represent amatrix and the
corresponding small letter to represent itsindividual scalar elements.

*The assumption that each element of N, represents the capital stock for a particular firm is made
for smplicity. By making N, arandom matrix one can then treat each element of the capital stock asa
factor that goesinto a particular firm’'s production. Each row of N, then designates the quantity of each
factor used by a particular firm. Thisframework also allows for non-square N, which would enable the
model to examine economies where there exist more capital factors than firms or visa-versa. Since these
generalizations do not alter the paper’s primary conclusions they are not explored any further within this
text.



whose elements are nonnegative.® Throughout, the paper assumesthat |-A is a positive definite
matrix with eigenvalues between zero and one, wherel isakxk identity matrix. The 7, term
equalsanormally distributed kx1 vector with variance-covariance matrix )7,7.7

The human capital endowment equation capturestwo elements of thereal economy. First,
the mean reversion term A(N—Nt_l) proxiesfor theidea that peoplewill direct their energiesvia
schooling and other activities towards ventures where they can get the best return. Thus, people
will tend to add capital to industrieswhereit isin short supply (and thusthe rewards higher) and
away from industries wher e capital isin abundant supply (and thustherewardslower). For
example, imagine that there exists arelative shortage of people with skills associated with biology
in comparison with those skilled in history. Then in the aggregate one would expect peopleto
direct their education towards biology and away from history. Thematrix A capturesthis
phenomena without imposing the consider able mathematical complexity that would be involved by
allowing people to endogenoudly redirect their endowments at some exogenously specified cost.
While such a generalization may yet provideinsightsinto someinteresting issues, the resultsthat
form the primary focus of this study seem unlikely to change since they hold for any matrix A that
meetstherestrictions given above. Endogenously calculating A from the for ces dir ecting the mean
reversion of the security supplieswould simply place some additional restrictions on A based upon

some other exogenously given cost matrix. Thus, in an appeal to simplicity the current analysis

®The assumption on N isjust anormalization. If an element i isnegative simply multiply it as
well asn,, and d; by minusone. The firm will then produce the same net output n,d,,,; in the following
period.

At the expense of algebraic complexity one can add another drift term that does not interact with
past values of N, without altering any of the paper’s basic conclusions. This additional drift term would
cause the per capita capital stock to exhibit either long run growth or decay over time.

7



simply takes A as given.? The second facet of the economy captured by the endowment equation

comesin viatherandom vector 7. While people may be able to forecast future corporate capital

stocks, those forecasts ar e by no means perfect, and thisimperfection entersthe model via 7.
Based upon the above assumptions the corporate capital stock evolvesthrough timeviathe

following equation

N., = N, + AN-N) + n,,,. (1)

In addition, to therisky corporate capital represented by N, there also existsarisk free asset.
Following standard practicein theliterature, therisklessasset isin infinitely elastic supply and
used by the population to either borrow from future consumption or store current consumption at
no cost. For notational smplicity, the paper normalizesthe price of therisk free asset so that it
always equals one.

Randomness enter s the economy via both the capital stock and the dividend paid per unit

of capital. Over timethe productivity of the capital supply evolvesvia

Dt+1 = Dt + 6t+1 (2)

where J, represents a kx1 vector of normally distributed shockswith mean zero and variance-
covariance matrix Xs°® For simplicity, the model assumesthat the & and 7, shocks are

independent from each other and that there does not exist any intertemporal correlation across

8Elimination of the mean reversion in the supply process can be accomplished by simply setting
Ato amatrix of zeros. Doing so will leave most of the model’ s conclusions unchanged, including many
results on the price and volatility of closed-end funds relative to their underlying assets. However,
without a mean reverting supply process the model will no longer produce a mean reverting discount, and
the comparative statics concerning the impact of A on the equilibrium will obviously be lost.

°Again, one can generaize this process to include terms that induce mean reversion and/or
growth in the dividend process without altering the paper’ s basic conclusions.
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shocks either. The matrix 2s may be singular if some forms of capital produce cash flows identical
to other forms of capital.

12 Equilibrium

With the elements of the economy in place one can now consider the problemsfaced by investors

within the model. Based upon the above notation, investor i’sfinal period consumption equals

w,,0) = Ft'(i)l—Nt+1'Pt+1+Nt'Dt+1_Gt+1J + (1+np Q) ©)

wherethe scalar w, equals period t wealth, the kx1 vector F(i) equalstheinvestor’speriod t
security demands, and f theinvestor’s period t demand for therisklessasset. Since each firm
always has one shar e outstanding F equalsthefraction of the firm demanded by an investor. The
“+” symbol standsfor thedot or element by element product of two vectors. Variableswithout a
“(i)” represent aggregates across the population. On theleft hand side of equation (3) thefirst
term equalsthe cash inflow the investor receives from hisinvestment in the stock market and the
second term the cash inflows from hisinvestment in theriskless security. Insidethe square
bracketsthe N,,; P, term produces a vector that containsthe market price of each firm. To see
thisrecall that N, equalsthe vector of corporate capital and P, the market price per unit of

cor por ate capital vector. Thus, their dot product produces a vector with the market price of each
firm. TheN,D,, termisavector that containsthe pre-wage cash flow produced by each firm.
Finally, the G,,, term equals the wages paid in exchange for the capital additionsthat transformed
N, into N,,;. Thusdifferencingthelast twotermsin the square bracketsyieldsa vector containing
the dividends paid out by the firmswithin the economy.

Toremain closeto the standard asset pricing model, thereareno frictionsin either the



form of transactions costs or taxes.'® Everyone can trade every available security. Thusan

investor’sbudget constraint can bewritten as

F/GN;P B ) = G()*B,. (). (4)

Usethisto eliminate A from equation (3), thereby producing

W) = F/ GNP,y ~(L+N; P+ N; D, =G, | + (L+r)w ), )

t+1

wherew(i) equalstheinvestor’sinitial cash position from the sale of his bond and human capital
endowment. Given the above wealth equation each trader will seek to maximize his expected
utility from terminal consumption by selecting an appropriate demand vector F(i).

To further simplify (5) recall that the model assumeslabor sellsits servicesin a perfectly

competitive market.™* Thisimpliesthat
G,y = P(N_Nt) * nt+1}Pt+1 - [Nt+1_Nt}Pt+1' (6)
Using the far right term to eliminate G,,, from (5) and yields

w, (i) = V?t(i)-NtJ’[Pm—(l+r)Pt+Dt+1J + (L+Pw (). @)

after some minor algebrato move the N, term outside the brackets.

To eliminate thedot product in (7), define X,(i) = F,(i)'N,, in which case the wealth equation

19A related overlapping generations exponential-normal model can be found in Vayanos (1996).
His paper examines how the addition of transactions costs in a fixed supply model alter equilibrium
prices. Based upon hisresultsit appears that the addition of transactions costs to such models can
produce a number of interesting predictions. However, since this paper seeks to find out how much of
the closed-end puzzle can be explained within a frictionless economy these issues are not explored
further.

1Other assumptions concerning labor’s compensation will produce similar results within the
model, although at the potentia expense of additional algebraic complexity.

10



further reducesto

W) = XO)'|P,~(1+9P+D, | + (L+r)w,G) (8)

with the X(i) asthe new control variable. Noticethat equation (8) lookslike the wealth equation
in arandom share supply model, with X asthetypical control variable. Thederivation of this
equation showsthat the equilibrium conditions of such amodel areintimately tied to the state of
thereal economy and itscurrent level of production. Based upon the arguments above, one need
not interpret “share” demandsin arandom share supply model as literally demands over shares,
sinceafirm’stotal production equals nd and not just d. Rather share demands can beinter preted
asdemandsover real assets. Market clearing then occurswhen aggregate demand for real assets
equalsthe aggregate supply of real assets.

If in equilibrium the vector P, isnormally distributed (given theinformation available at
timet) the exponential utility function and the normality of the other unknownsin the system
imply that theinvestor faces a standard mean-variance optimization problem. Given thewealth

equation (8) theinvestor will seek to

max Xt(i)'Et(PM)—Pt+Et(Dt+1)—rPt] + A+rw () - %)g(i)'zPD)g(i),
X

(9)

where 2, representstheinvestor’s beliefs regar ding the variance-covariance matrix of P, + D,,,.
Asin most exponential-normal settingsa linear price process can be found that will satisfy
the standard conditionsfor arational expectations equilibrium. In this case the appropriate

conjectureisthat

P, = —Dt + B0 + BNt (10)

11



where B, isa kx1 vector and B a kxk matrix. Using the conjectured price process (10) in (9)

impliesthat investorswill implicitly optimize

T- 0, 1+r)? :
max X/[BAN-N)+DrP,| + (1+1)W, = =X, [( r”) Z,+BZ B }X,
X

4

which yields the equilibrium conditionslisted in the next proposition.

Proposition 1: In equilibrium

B, = —BAN,

12
-172
Z n

1 - 1+r)? - -
B - %[rhA]Enm{ I 1-4e2( r’) 3, [T+ ]S P+ 4] S

and thus

p=Yp + ppNnan|
r

Proof: See Appendix B for the proof of thisand all other propositions.

(11)

(12)

(13)

>

(14)

Noticethat the equilibrium equation describing B can always accommodate a singular dividend

variance-covariance matrix (Z,). In contrast, without aredefinition of the security set, the

variance-covariance matrix of the supply process (En) must be of full rank.
Whilethe B matrix appearsrather complex one can smplify it to some degree.

amatrix of orthonormal eigenvectors and £2as a diagonal matrix of eigenvalues and wr

12
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2
rort = 462( 1”) D) 1707 0 > 2 £7) o et (15)
r

which allows oneto simplify B to

B - %[rI+A]2;1/2F[—I+(I_9)1/2]11_12;]1/2. (16)

Thisbringsout theimportance of the squareroot term in B. The squareroot term producestwo
distinct equilibria for each eigenvalue sincethei™ element in (1-£)¥2 hastwo roots + l1-w, and
—\/1——(.31., where w representstheith diagonal element of £ Thus, if one can deal with portfolios
that are proportional to the eigenvectorsin /' (eigen-portfolios) one can say a great deal about their
behavior if one knows something about the associated eigenvalue. Note that within equation (16)
the second term in squar e brackets contains what looks like a diagonal matrix of eigenvaluesfor B.
Whilethisisnot exactly true, one can define a pseudo-eigenvalue matrix A = .5[-I+(I-Q)"?] and
itsi diagonal element as 4. The next couple of propositions demonstrate that zer o dividend
portfolios are particularly easy to work with sincethey are eigen-portfolios, with associated
eigenvaluesin £2equal to zero, and equal to either zero or minusonein A .

Empirical studiesthat examine closed-end mutual fund discounts ar e actually talking about
the properties of a zero dividend portfolio that goeslong the closed-end mutual fund and short the
underlying assets. To single out such portfolios, let Z designate an arbitrary portfolio (with at least
some non-zer o security holdings) such that the holder of portfolio Z never expectsto receive any
net dividend payments. Thus, a portfolio that holdsa short position in a closed-end fund and a
long position in the under lying assets forms a special case within the set of all possible zero

dividend portfolios.
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The key to valuing a zer o dividend portfolio lieswithin the following proposition.
Proposition 2: Let Z represent an arbitrary kx1 vector, while E and F represent arbitrary kxk
matrices. Now assumethat Z £=0. Then Z'F[I-F EF' 1W2F' = +7'FF' 2
This proposition makesthe analysis of a zero dividend portfolio tractable. In general, thematrix B
in the equilibrium pricing equation (13) is very complicated. However, when pre-multiplied by a
zero dividend portfolio and post-multiplied by rl+A it collapsesto the relatively smple
-(r0)1z [rI+A]ZT']1[rI+A] . Thisrelationship allows one to say quite a bit about both the price and
variance of the zero dividend portfolio.

Proposition 3: Assume Xjsis a singular matrix and that Z represents a portfolio such that Z D,=0in
all states of nature, and that Z “2's = 0. Then the value of the portfolio Z equals
L IS N AN if A1

z’p, = 10 17
0 if 4,70,

where 4, isthe pseudo-eigenvalue of B associated with Z and

izz' P AIE T2 if Apm-1
7%,z =10 (18)
0 i A,=0

equalsitsvariance.

12Some care should be taken in the interpretation of Z. The portfolio Z specifies the number of
asset unitsto be held within each firm. To get the actual shares of stock one needsto calculate
F, = N, Z where N, representsthe kx1 vector (n; ', ..,n, ). Thus, evenif Z istime independent,
the zero dividend portfolio will require rebalancing from period to period in response to the asset supply
shocks. Fortunately, while these concerns require some care when attempting to implement the model
empirically, they do not have much of an impact on the theoretical results or their interpretation.
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For a zero dividend portfolio there exist two possible equilibria. When the associated eigenvalue
equals O the standard set of results hold and the portfolio’s value and variance both equal zero.
However, there also exists another equilibrium (the negative root equilibrium) wherethe portfolio,
despite paying zero in all states of nature exhibitsa non-zero price and a positive variance. How
can thisbe? The problem faced by potential arbitragersisthat they may need to unwind their
portfolio in atime period where the price has moved even further away from zero, ther eby leading
them toincur aloss. Asin Dow and Gorton (1994), so long as agents have finite lives they do not
view the “arbitrage’ portfolio as providing them with an arbitrage since they may incur alossif
they try to take advantage of the situation. The pricing equation (17) tellsusthe amount by which
the arbitrage portfolio’s price can deviate from zero. Notice that it isnot some arbitrary number.
While agentsarerisk aversethey are happy to take positionsin portfolios that have sufficiently
high returnsgiven therisk faced by the individual purchasing the portfolio.

The economy’ sinfinite horizon provides a key element within the model towardsthe
creation of multiple equilibria. Without it, agents can backwar ds program the set of realized
prices and the negative root equilibria will collapse. Thus, according to the model, a closed-end
fund that everyone expectsto “open up” should loseits discount.”® Brickley and Schallheim (1985)
find something similar. While afund’sdiscount does eventually disappear when it announces
plansto open up, the discount does not disappear all at once. One can reconcile thisresult with the
current model if until the actual date of opening ther e remains some uncertainty asto whether or
not the fund will in fact open up. Then the discount will narrow gradually as one approachesthe
day of reckoning at which point it will disappear. One can test thishypothesisby seeing if the
discount narrowsfaster when funds provide greater assurances that they will in fact open up.

13 Equilibrium Selection and the Empirical Relevance of Multiple Equilibria

13A closed-end fund is said to “open up” if at some date it becomes an open ended fund.
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While zero dividend portfoliosthat include closed-end funds may sell for a non-zero price,
clearly there exist other zero dividend portfolio that do not. Thisduality of phenomenaindicate
that the economy can operate under more than one equilibrium, which in turn arguesfor a model
with multiple equilibria. However, if there are multiple equilibria how does the economy select
among them? One cluemay be found in the data available to the public.

The data generated by atypical closed-end fund will lead to a noisy signal regarding the
exact value of the discount. Thisnoise entersthe data through a number of avenues. For example,
whilefunds alter their portfolio holdings nearly every day they only report its exact composition at
periodicintervals. Thus, on adaily basisit will almost certainly be the casethat a fund’s market
value will differ from itsestimated net asset value based upon its most recently reported holdings.
Furthermore, even if the fund’ s portfolio composition isknown to the market transactions costs
will still prevent arbitragersfrom equalizing the fund’s priceto itsnet asset value. Thus, when a
trader looks at closed-end fund market data he will inevitably see a discount that moves over time.
Asareault, real world datawill make it difficult to reject the hypothesisthat any onefund is
trading within the negative root equilibrium. Thus, given the available data a risk aver se investor
may decideto act asif the negative root equilibrium holds at least until thereis some strong
evidencetothecontrary. To seewhy thisisa prudent course, consider what atrader must doif he
wishesto act asif hetruly believesthat the positive root equilibrium holds. In thiscase, he must
take on the largest possible “ arbitrage” position his creditorswill allow (since heisacting as
though he believesthe position has a positivereturn and norisk). If by some chancethetrader has
guessed wrong about the equilibrium, hewill then face possible financial ruin. Intuitively, one
expectsthat most people will therefore “play it safe” by taking on partial positions. That isthey
will employ finitely elastic demand curves, which iswhat the negative r oot equilibrium requiresto

hold. Thus, if tradersdecideto act asif the negative root equilibrium holds (absent enough data to
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reject thishypothesis), then in fact the negative root equilibrium will prevail .**
14 Closed-end Mutual Fundsand Their Properties

So far the paper hasonly demonstrated that zero dividend portfolios may sell for a non-
zero amount. For many applications, such as hedge fund management, thisis sufficient. A hedge
fund needsto know thelikely price path of these portfolios so that they can gauge therisk-return
tradeoff that they arefacing. However, to explain the closed-end fund phenomenon one must go
further. Closed-end fund values do not deviate from the value of their underlying assets by a mean
zero amount. Rather they are generally priced at a discount, with occasional periods of time during
which they sell at a premium. A model that triesto explain this phenomena should show more
than the possibility that the closed-end fund will sell for a pricethat differsfrom the underlying
securities. It should also explain why closed-end funds generally, but not always, sell for less. As
noted earlier, this section of the paper will show, the current model can explain the above
empirical regularitiesif one believesthat the supply shocks associated with the mutual fund are
small relative to those for the underlying stocks.

None of the variable definitions given so far distinguish a closed-end fund from any other
cor poration. However, if oneisto account for the empirical regularitiesin thedatait is clear that
the model must somehow differentiate a closed-end fund from any other firm. Assection 1.4 of the
paper will show the key to explaining the data liesin the assumptions one makes about the
variance of the capital supply shock associated with the closed-end fund. In particular, the model’s
predictionswill conform to the known empirical regularitiesif one believesthat the supply shocks

associated with the mutual fund are small relativeto thosefor the underlying stocks.

4 would like to thank Jeffrey Pontiff for the transactions costs argument. For a further
discussion of the economic conditions under which the model’ s results will hold the reader should
consult Appendix A. That appendix considers the economic forces that might lead the economy to
choose one equilibrium over another, and whether or not the negative root equilibrium can be eliminated
viathe creation of additional long lived corporations.
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Why, one might ask, should the capital supply for a closed-end fund should exhibit
relatively littleintertemporal variation when compared with the capital supplies of the underlying
firms? Because, the supply shocksrepresent changesin corpor ate capacity and for atypical
company (such asonethat producescars, steel, or cosmetics) the current supply of talent will have
afairly largeimpact on its aggregate output. Competent people can be expected to add greatly to
thefirm’s capital base whileincompetent oneswill presumably subtract from it. Conversdly, a
closed-end mutual fund representsafinancial institution that simply repackages claims. Changes
to its capital base should beinterpreted as changesin its ability to produce and mail statements,
keep track of government paper work, and the other mundane tasks needed to oper ate the fund.
No doubt these factor s display some variation over time asthe current talent pool changes.
Nevertheless, it seemslikely that thisvariation will be relatively small when compared to the
capital shocksincurred by firmsthat produce real goods and services like cars and computers.*®
Within the model this observation trandatesinto a small variance for the supply shocks associated
with the closed-end fund relative to the variance of the supply shocksfor the other corporationsin
the economy. If thevariance of a mutual fund’ssupply isin fact relatively small, then as section
1.4 will demonstrate the fund should sdll at a discount, and that discount’s variation should add to
thefund'ssharepricevolatility.

To provethefollowing propositionsit is useful to first define'Y asthe zero dividend

portfolio that is short the mutual fund and long its underlying stocks, Y, asthe underlying stock

If one derives the fund’ s dividend process from first principles, changes to its own capital base
are the only relevant source of capital uncertainty. In period t the fund holds a position X, in other firms
going into the next period and thus produces a cash flow of XD,,, - G,,;. Since X, isknown in period t
the only source of capital uncertainty liesin the G,,, term and this varies with the productive efficiency
of the fund. A formal derivation can be found at the end of Appendix B.

18



portfolio, and y,, as a portfolio that only holds the mutual fund.*® Thus,
Y 0
= ujl -
- (50 a

and wherethe 0 vectorsin (19) areincluded to make the termsin parenthesis confor mable with
each other.

Proposition 4: Assume that the variance of the mutual fund's supply shock (oﬁm) isindependent of all
other supply shocks, and that A isa diagonal matrix. Further assume that the equilibrium in the
economy sets pseudo—eigenvalue(/ly) associated with Y equals-1. Then, for oim sufficiently small the
expected value of the zero dividend portfolio Y is positive, and the variance of the closed-end fund’'s
price will exceed the variance of its net asset value.

Theresultsin Proposition 4 seem to conform with thetwo primary findingsin the
empirical closed-end fund literature. To alarge degree closed end funds exhibit both relatively low
prices and higher volatilitiesthan a portfolio comprised of the underlying securities.

Notice that non-dividend shocks driving theresultsin Proposition 4 push the model in
exactly the opposite direction from the analogous for cesin the investor sentiment model of Lee,
Shleifer, and Thaler (1991). Intheir model investor sentiment intr oduces a non-dividend based
shock to the system, and they find that a higher variance on theinvestor sentiment parameter leads
to a higher variancein the security. But in the current model, at least within the equilibrium of
interest, alower variance on the non-dividend based shock (i.e. the supply shock) leadsto a higher
variance and discount on the zer o dividend portfolio containing the closed-end mutual fund. This

difference my prove useful when attempting to reconcile the data. 1n general, theories have had

®Note that the portfolio that contains only the mutual fund is represented by a“y” in keeping
with the convention of using lower case letters for scalar variables.
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been unableto fully account for therather large discounts observed in the data without the
imposition of empirically unreasonable parameter values.*” However, in the current model a small
variance on the mutual fund’s supply shockslead to large discounts. Thus, modest parameter
values appear to have some chance of reconciling the data.

Another aspect of the equilibrium isthe influence the elements of A have on both the
existence of closed-end mutual fund discounts, and the volatility of the closed-end fund’s per share
pricerelativeto that of theunderlying assets. Once again consider theideathat human capital
shiftsinfluencethe asset supplies. Asargued earlier assets outside the closed-end fund represent
companiesthat producereal goods and servicesand it seemslikely that their production will
depend heavily upon the current talent pool. In contrast, the talent pool for the production of
closed-end fund services seemslikely to berelatively stable. Within the model theserelative
influences arerepresented in part by the matrix A, with larger diagonal elementsof A and smaller
off diagonal elements of A representing a supply processthat exhibitslower volatility over time as
the talent pool changes.® Thus, according to the arguments given above the diagonal value of A
associated with the closed-end fund should berelatively large, and the off diagonal elements
relatively small. Asthenext proposition shows, if these conclusions accur ately represent the
economic forces at work, then the closed-end fund will sell at a discount and exhibit excess price

volatility relativeto its net asset value.

YAs discussed earlier Malkeil’s (1977) paper came to this conclusion with regard to taxes and
agency costs. More recently, a paper by Brauer (1993) comes to the same conclusion with regard to the
investor sentiment hypothesis.

¥The off diagonal elements have the opposite influence as the diagonal elements because they
represent the influence of the supply of security i on the supply of security j. A more detailed
explanation can be found in the discussion following Proposition 8.
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Proposition 5: Assume that the variance of the mutual fund's supply shock (of]m) isindependent of all
other supply shocks, and that A isa diagonal matrix. Let a,,,, represent the element of A associated
with the mutual fund. Then an increasein a,,, increases the closed-end fund’ s discount’ s expected
value and variance.

The relationship documented in Proposition 5 provides a way to test the model against data
outside that provided by the stock market. Actual aggregate corporate output equals the supply of
outstanding sharestimesthe current dividend produced by each share. Proposition 5 statesthat
there should exist arelationship between the aggregate output statisticsfor theindustriesin a
closed-end fund and that fund’sdiscount. If thefund holdsindustries whose asset supplies mean
revert relatively slowly then the discount on the fund will be relatively large.

Propositions 2 and 3 show that the zero dividend portfolio forms an eigenvector of both the
dividend shocks' variance-covariance matrix and the squareroot term in B. Becausethisgreatly
simplifiesthe pricing equations one can say a great deal about the covariance of its price with any
other portfolio.

Proposition 6: The covariance between a zero dividend portfolio and any other portfolio equals

1

402

Cow(Z'P, X'P) = —Z'[rI+A]Z, [FI+A]X. (20)

Notice that even though the pricing equation israther complex, the factorsthat influencethe
covariance between the zer o dividend portfolio and any other portfolio arerather smple.

Some empirical studies have found that closed-end mutual fund discounts appear to decline
when small firms have unusually largereturns, and increasein periods where small firms exhibit

below normal returns. Thisisreally a statement about the correlation between closed-end fund
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discounts and small stock returns, which are apparently correlated.® Equation (20) shows how
this can happen. Define PITP" = [r1+A]%, '[rI+4], o that Pequalsa matrix of orthonormal
eigenvectors, I7a diagonal matrix of eigenvalueswith 7 asitsith diagonal element. With this
definition one can decompose any arbitrary vector X into a weighted sum of the eigenvectorsin %.

Thus, if there are k securities one can rewrite (20) as

k
CowZ P, X'P) = — Y mw (2w (X) 21)
4021
wherew;,(Z), and w,(X) satisfy
k k
Z = 21) w(Z)¥, and X = 21) w0, (22)

if ¥ equalstheith eigenvector in ¥. Because, [rI+A]2;1[rI+A] isa positive definite matrix its
eigenvalues must be strictly positive. Equation (21) basically describesa principal components
analysis of the correlation between the zero dividend portfolio and any other portfolio. The

empirical statement that closed-end fund discounts appear correlated with thereturnsto small

company stocksis equivalent (within the model) to a statement that they share similar weights (w)

®Thereis quite abit of disagreement about this conclusion. Lee, Shleifer, and Thaler (1991)
presented the initial evidence regarding the correlation between closed-end fund discounts and small
stock returns. Chen, Kan and Miller (1993a, and 1993b) then presented new evidence that this
correlation either does not exist or it isvery weak. They also reinterpret the findingsin Lee, Shleifer and
Thaler (1991) to imply that the evidence does not support the existence of a correlation between closed-
end fund discounts and small stock returns. Chopra, Lee, Shleifer, and Thaler (1993a, 1993b) dispute
their conclusions. Whatever the case may be, the predictions presented in this paper are about the
potential correlation between closed-end fund discounts and any other arbitrary portfolio. While one can
apply the model’ s findings to small firm portfolios, it is aso possible to apply them to portfolios with
other characteristics.
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in (22).%° Notice, that the equation underlying the principal components decomposition (equation
(20)) does not include the variance-covariance matrix gover ning the dividend process. Thisisnot
too surprising since the variance of a zer o dividend portfolio obviously equals zero. However, it
does mean that the covariance between the zero dividend portfolio and the underlying securities
depends on variance-covariance matrix of the supply shocks. Therather extensiveliteratureon
small stock returnsindicatesthat small stocksincorporateareturn “factor” that does not appear
to influence lar ge company stocks. Thus, thereisevery reason to believe that one of the
eigenvectorsin ¥Pmay represent a “small stock” portfolio. Under this scenario the closed-end
fund discount will be correlated with small stock returnsif the appropriate value of w(Z) is
positive.

Another empirical phenomena revolves around the finding by Thompson (1978) and
Pontiff (1995) that closed-end fund discountstend to be mean reverting. Asthe next proposition
showsthisempirical pattern can be guaranteed within the model by simply adding the assumption
that Aisadiagonal matrix equal to al, wherea>0isa scalar.
Proposition 7: If A can bewritten asal then under the negative root equilibrium the closed-end fund
discount will exhibit mean reversion. Mathematically, let Y ’P(ﬁ) represent the expected value of the
closed-end fund discount. If Y P>Y P(N) then E(Y P,.,)<Y P, and if Y P<Y P(N) then
E(Y P.,)>Y P.
Clearly one can greatly relax the proposition’srestrictions on A and still retain thebasicresult in a
number of cases. Intuitively, if the underlying production processin the economy exhibits mean

reversion, then so will various statistics produced by the stock market.

“Thistype of analysis resembles some of the statistical work found in Lee, Shleifer and Thaler
(1991) and Chen, Kan and Miller (1993a). These papers regress closed-end fund discounts on the returns
for 10 different stock size deciles. One can think of this as a search for the eigen-portfolio with the
largest eigenvalue.
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The above propositions outline the parameter valuesthat lead to expected closed-end fund
discounts. Nevertheless, with some probability the discount will temporarily turn into a premium
if therealized supply shockstake on the appropriate values. Thus, the model offersa potential
explanation for the creation of closed-end funds, and their subsequent returns. In those periods of
time when there exists a premium investment firms can profitably create closed-end funds.® Then,
duetothe mean reversion in the discount (Proposition 7), the premium should then proceed to
disappear and eventually become a discount.

At first blush, the above results seem to conform with Peavy’s (1990) empirical findings on
the creation of new closed-end funds, their initial prices and subsequent returns. Also, one should
note, that the very same patternsarisein theinvestor sentiment model of L eg, Shleifer, and Thaler
(1991). Alas, neither the current explanation nor that provided by the investment sentiment model
isperfect. Whileit istruethat closed-end fundsareinitially issued at a premium, Weiss-Hanley,
L ee and Seguin (1996) show that the price would immediately collapse in the after market without
thevery strong support provided by the investment firms. If in fact closed-end fundsare only
issued when they should sell at a premium then thistype of support should not be needed. Thus,
while both this model and the investor sentiment model can account for the creation of closed-end
funds, they cannot reconcile all of the data. It thus seemsmorelikely that the economic for ces
leading to the creation and sale of new closed-end funds differ from those that determinepricesin
the secondary market.

15 The Relationship Between Closed-End Fund Discounts and Aggregate Production

Intuitively, the most direct relationship between closed-end fund discounts and cor por ate

“Obviousdly, within the current model investment houses cannot expend resources to create new
funds. Whileideally one would like to add this feature explicitly, the mathematics become considerably
more complicated and would take the general discussion far afield. Nevertheless, one suspects that most
of the primary results would not change.
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productivity should involve changesin the contemporaneous values. Indeed there seemsto be
some indirect evidencethat thisrelationship isa positive one. That is, when the economy does well
closed-end fund discounts seem to increase. The evidenceisonly indirect since most studies have
only examined the relationship between closed-end fund discounts and stock market returns, and
thisisnot the samething as current corporate productivity. However, with that caveat in mind,
both Malkiel (1977) and Pontiff (1995) find that when the stock mar ket does well, closed-end fund
discountsincrease. Thus, one might expect a study that focused on cor porate output to find a
similar relationship, aswould be predicted by the next proposition.

Proposition 8: The covariance between changesin the discount, and changesin total current

corporate production equals

Cov(Y' (P

t+1

-P), N'

+17t+1

1 1 7
D, -N'D) = ~=Y'4D, 23)

Let the subscript m designate the location in the vector Y that holds the short position in the closed-
end mutual fund. Then the covariance increases as a,,,, increases, and if all of the values of Y, and D,
are non-negative, then the covariance increases as a,, decreases.

The proposition showstwo things. First, decreasing the values of the off diagonal elementsof A
associated with the closed-end fund increases the covariance. Intuitively, one can think of these
elements as deter mining the influence that asset suppliesin one security have on the asset supplies
of another. When the a; (j#i) are negative then large suppliesin one asset tend to drive down
suppliesin other assets. Second, for the diagonal element of A associated with the closed-end fund,
increasing itsvalue increases the covariance. Asdiscussed earlier increasing this parameter
increasesthe speed of mean reversion in the asset’ s supply. Together thesetwo pointslead to a

smpleinference. If asset suppliesmean revert fast enough then closed-end fund discountswill be

25



positively correlated with stock prices. Cross-sectionally theimplication isthat an increasein the
speed at which supplies mean revert leadsto an increase in the covariance between changesin the
discount and total current corporate production.? Thiscan betested by looking at therate of
mean reversion in the productive capacity of firms acr oss closed-end fund portfolios. Those
portfolios holding firmswith the greatest degree of mean rever sion should have the highest
correlation between their discount and market prices.

Proposition 8 deals with contemporaneous changesin the closed-end fund discount and
cor por ate production. However, based on Swaminathan’s (1996) study, it also appearsthat there
exists a relationship between closed-end funds discounts and future cor por ate output.
Unfortunately, fitting the model to Swaminathan’s (1996) resultsrunsinto problems associated
with the “economy’sinitial conditions.” The mean reverting supply process prevents one from
simply calculating a meaningful relationship between closed-end fund discounts, and aggr egate
production. Not only will the results depend upon theinitial starting conditions, but also the one,
two, three and other future correlationswill differ from each other. Another problem lieswith the
fact that empirical studies do not provide the necessary information to calculate a set of reasonable
starting conditionsfor the security supplies. All of thissuggeststhat it may prove morefruitful to
look for correlation statistics that do not depend upon the model’ sinitial conditions, at least with

respect to the supply process.®

?One can increase the speed of mean reversion either directly, viaan increase in the a;, or
indirectly viaa decrease in the g; for j #i.

ZAswill become apparent, to alimited degree, the results in this section do depend upon the
initial starting conditions for the dividend process. There is nothing that can be done about this since the
model assumes that the dividend process does not mean revert. Thus, the expected value of the dividend
vector in any future period is simply its current value. One can eliminate this problem by simply
imposing a mean reverting process on the dividends. That will only change the results in the subsequent
sections in that a vector representing the long run average dividend (aterm analogous to N) would
replace D, in the equations that follow.

26



In order to calculate unconditional statistics, one needsto examine the model’s“ steady
state.” Thiscan be achieved by looking at the period t value of the statistic based upon the
availableinformation at time 0, and then letting t go to infinity. In thisway theinfluence of the
initial conditions can be purged from theresults. For the problem at hand, the unconditional

covariance between the closed-end fund’ s discount and futur e cor porate productivity equals:

A
Dt+1

lim cov(Y'P, [N,

t+1 _NtlDt:HNo) 'D

t+1

lim Ey\Y'[P,~PAVIIN,.,'D,.,~N; D)l

: (24)

{— o0 {0

whereP(]V) representsthe price vector given N equals N, and N, representsthevalueof N in
period 0. Thefirst term in the covariance calculation equalsthe period t discount on the closed-
end mutual fund relativeto itsunconditional mean. The second term equalsthe difference
between aggregate corporate production in periodst+1 and t.

Proposition 9: The unconditional covariance between closed-end fund discounts and future aggregate

production equals

: (l I I 1 (l - N - -
lim cov(Y'P, [N,,,'D,,,-N/D]|N,) = EY [rI+A]}3n1;(I—A)’ '%, d-4y IADO.

(25
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Proposition 9 provides an empirical prediction regarding current discounts and future
aggregate cor por ate production; aresult that cannot bereadily produced by modelsthat rely on
either investor sentiment or transactions costs. Whileinvestor sentiment may be correlated with
current market conditions, why should it forecast futur e aggregate production? Transactions costs
models suffer from similar problems. While they may be associated with current economic
predictionsit isnot clear why they should forecast futur e conditions.

To obtain additional insightsinto Proposition 9'sresults consider thecasewhere)}’,l and A
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are both diagonal matrices. In thiscasetheright hand side of equation (25) simplifiesto

) — , , a2 ! rta,
cov(Y'[P,-P(V)], [N,,,'D,,,-N,/D|]) = Z EyidOiz_a

: (26)

i

Again, in linewith the notation developed so far, small letters stand for scalar elementswithin
their corresponding matrices. Thus, y, equalstheith element of Y, while d;; representsthe period 0
dividend provided by security i, and a; equalstheith diagonal element of A. Recall, that Y
representsa zero dividend portfolio that holdsalong position in the closed-end fund’sunderlying
assets and a negative position in the closed-end fund itself. Consider the case where all of the
initial dividends ar e positive and the closed-end mutual fund only holdslong positionsin its
underlying assets. Then theith element in the summation within equation (26) will take on non-
negative valuesfor securitiesheld by the closed end fund (since the corresponding y, will be
positive in such cases) and a non-positive value for the element of y, representing the short position
in the closed-end fund itself.

The actual magnitude of (26) clearly depends upon a number of elements. However, the
influence of each individual g;, therate at which a particular supply process mean reverts, can be
broken out to produce some empirically interesting properties.

Proposition 10: Assume that 2’,7 and A arediagonal matrices. Then an increasein a,,,, or a decrease
in a; for i #m decreases the unconditional covariance between the current closed-end fund discount
and future corporate production.

Onceagain, arelatively small valued mean reversion parameter for the closed-end fund’s supply
leadsto resultsthat areroughly consistent with the data, in this case a negative correlation
between the discount and futur e economic activity.

By now it should be clear that the model can reconcile a number of empirical patternsvia
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the samerestrictionson the relative speed with which asset supplies mean revert. Proposition 5
showsthat an increasein a,,, (the element of A associated with the closed-end fund) leadsto a
larger discount and higher volatility on closed-end fund’sprice. Proposition 8 showsthat
increasing the value of a,,,,, increasesthe covariance between the discount and changesin current
cor por ate productivity. Finally, Proposition 10 showsthat increasing a,,,,, induces a negative
covariance between current closed-end fund discounts and future production. Thus, the model
provides afairly parsimonious explanation for a number of observed phenomena.

Together Propositions 5, 8, and 10 link the same set of parameter valuesto multipleresults,
and thusthey provide a set of associated testable hypotheses. If the underlying industriesheld by a
closed-end fund show relatively slow rates of mean reverting production then one expectsthisto
imply four things about the closed-end fund’s price:
1. it will display arelatively large discount,
2. it will berelatively volatile,
3. it will have a particularly strong covariance with unexpected contempor aneous changesin
cor por ate valuations, and
4. it will display a negative covariance with future production.
Furthermore, these hypotheses are easily tested against the empirical data. Simply look at the
industry holdingsfor each fund, and then comparetherate at which productivity within each
industry mean revertsrelativetoitstrend. Fundsthat hold industrieswith relatively slow levels of
mean reversion should beresponsiblefor a disproportionate fraction of the statistical patternsthat
have been observed in the data between close-end fund discounts and the other economic variables

that resear cher s have examined.

2 Relation tothe Theoretical Literature
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Lee, Shleifer and Thaler (1991) arguethat investor sentiment drives the observed patterns
associated with closed-end fund discounts. In their model the economy contains both rational
investors and those influenced by “sentiment.” They arguethat if investor sentiment is correlated
acrossindividualsthen their demands can move pricesif rational agents are unwilling to take fully
offsetting positions.

Within the current model therandom capital stock playsa very important role and one
that appear s analogousto investor sentiment in Lee, Shleifer and Thaler (1991). Thus, the reader
might legitimately ask if there are any equilibrium featuresthat distinguish thetwo. In fact, there
areat least four major differences. First, because all of the agentswithin the current model
maximize utility functionsthere always exists an equilibrium in which closed-end fund discounts
do not exist. Thus, even with random capital supplies closed-end fund discounts do not haveto
exist. Depending upon how one setsup a hoisetrader or sentiment model this may or may not be
true.** Second, within equilibriathat permit closed-end fund pricesto deviate from their net asset
value, a decrease in the uncertainty regar ding the fund’ s futur e production stock for the closed-end
fund increases the discount and the volatility of the fund’sper share price. Conversely, in a model
of investor sentiment such as L eg, Shleifer, Thaler (1991), an increasein the demand volatility of
such tradersincreasesthe fund’ s price volatility aswell asthe discount.

A third difference between an investor sentiment model and one using a mean reverting
supply processliesin how they tie the empirical phenomena that closed-end fund discounts exhibit
negative intertemporal serial correlation to other characteristics of the economy. In arandom
supply model changesin the discount aretied directly to changesin cor porate assets and thisties

therate of mean reversion to concurrent changesin aggregate production. Fourth, tying the

#As Bhushan, Brown and Mello (1997) demonstrate many results within the investor sentiment
literature depend critically upon the assumed form of irrational behavior.
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discount on closed-end fundsto cor por ate productivity also induces a relationship between the
current discount and future changesin corporate output. Asthe analysisof the model showsthe
parameter valuesthat lead to the existence of closed-end fund discountsalso lead to a positive
correlation between the discount and concurrent changesin value of the overall corporate
productivity. Simultaneously, these same parameter values also lead to a negative correlation
between closed-end fund discounts and futur e cor por ate productivity. In contragt, it isnot clear
why models of investor sentiment should produce non-zer o correlations among current discounts
and future production levels.®

Another model that examinesthe closed-end discount can be found in Chordia and
Swaminathan (1997). They propose an explanation that includes both asymmetric information and
mar ket segmentation. In their model market segmentation occur s because some of theinvestors
arerestricted from trading in some markets. They then show that if there are two identical
securities, and if theinformed investor s cannot trade in one of them, then the other security (the
“closed-end fund”) may sell at a discount. Thistype of segmentation, they argue, is consistent with

evidencein Weiss (1989) that institutional investorstend to shun closed-end funds.?®

3 Conclusion

Financial theory reststo alarge degree upon a paradigm in which stockstrade within a

“This point can also be found in Swaminathan (1996).

%The actual implications one should draw from Weiss' (1989) findings seem to bein dispute.
Lee, Shleifer, and Thaler (1991) argue that small investors are more likely to herd via correlated investor
sentiment than are large institutional money managers. Thus, they take the lack of institutional money in
closed-end funds to imply that investor sentiment will play alarger role in the price process. However,
there also seems to be some dispute as to which investors, if any, are more proneto herding. Froot,
Scharfstein and Stein (1992) conjecture that professional money managers are the ones likely to herd. In
terms of the direct empirical work on thisissue, Grinblatt, Titman, and Wermers (1995) find some
evidence of herding by mutual fund managers, but do not show if there is more or lessrelative to herding
among small investors.
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frictionlessmarket, populated by competitive agents possessing homogenous infor mation sets.
Even absent this, at the very least most theoriesrule out arbitrage possibilities. Alas, thisworld
view cannot explain why the stock market frequently prices closed-end mutual fundsat a
substantial discount from their net asset values. In africtionless market arbitrage, if nothing else,
should preclude any discrepancies from occurring let alone long term discrepancies with non-zero
means.

AsMalkid (1977) pointsout, the standard financial paradigm (even with the addition of
some standard frictions such astaxes and agency costs) ssimply cannot explain the large per sistent
closed-end fund discounts observed in the data. However, the model presented here showsthat one
can reconcile large parts of the data by altering the standar d financial model in other modest ways.
In particular if asset suppliesvary over time, and if rational investors havefinitelivesthen closed-
end fund discounts can appear in what isotherwise a very traditional model. These discounts
appear and persist despite alack of frictionsfrom either transactions costs, or informational
asymmetries. For better or worseit appearsthat death isarather largefriction. Individualswith
finite lives cannot arbitrage between closed-end funds and the underlying securities ssmply because
they risk having the price move against them during their lifetime. If theseinvestors believe that
closed-end fund prices can deviate from the fund’s net asset value, then they will act accordingly
by submitting demandsthat exhibit someinelasticity. Such behavior will of course verify their
beliefs since closed-end fund priceswill then deviate from underlying net asset values.

The model not only provides a setting in which closed-end fund discounts can exist, but it
also produces a number of empirical predictionsthat also seem to concur well with patternsin the
data. In particular, a number of propositions show that the same parameter valuesthat lead to the
existence of a closed-end fund discount will also lead to a fund price that ismore volatile than the

underlying net asset value, to a discount that exhibits a positive covariance with current changesin
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cor por ate production, and whose magnitude displays a negative covariance with future economic
productivity. Sinceall four of theseregularities appear in the data, the model may provide a

simple explanation capable of connecting them to one sour ce.
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5 Appendix A - Stability of the Equilibria

Both roots of the eigenvalue matrix yield equilibria that are fully consistent with the
generally accepted principles governing Nash equilibria. In all cases each trader’sactions
maximize hisor her utility given the actions of all other traders, while the equilibrium prices
equilibrate supply and demand in each asset. Thus, issues of stability (to the extent they exist at
all) must be addr essed outside the usual game theor etic arguments.

Oneway to examinethe stability of each equilibrium isto see whether the system tendsto
“drift towardsor away” from the equilibrium point if it starts a small distance away from the
equilibrium. Such arguments are necessarily heuristic since game theor etic arguments do not
include an explanation asto how the economy selects one equilibrium or another. However, with

this caveat in mind the forcesthat drivethe two equilibria can be seen within the following graph.

Aggregate Demand /@)
&
=
ﬁ
5-
Aggregate Supply

™~

A

Figure1: “-” and “+" = value of some eigenvalue 4 under the
negative and positive root equilibriarespectively. Single triangles
represent the “out of equilibrium” forces on A from the stock’s
variance, while the double triangles do the same for the stock’s
price.
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Thearcin Figure 1 representsthe aggr egate demand of the population for the eigen-
portfolio associated with the pseudo-eigenvalue 4, while the straight line r epresents the eigen-
portfolio’'s aggregate supply. In thescalar casethevalue of B issimply proportional to 4, thusin
the vector case one can think of an increasein 4 asequaling an increasein B. In fact, this
inter pretation will make the following discussion somewhat easier to understand in termsof the
influence the pseudo-eigenvalues have on stock price volatility via equation (14).

The plus and minus signs within Figure 1 designate the value of 4 under the positive and
negativeroot equilibria. Notice, that there aretwo market clearing valuesfor 4 because an
increasein A does not uniformly increase or decrease the aggregate demand. With a positive
supply of the asset, an increasein A hastwo opposing influences on demand. First, it increasesthe
stock pricethereby discouraging investor s from purchasing the asset. Second, it reducesthe
variance of the stock’ s price (since an increasein A moves its value towar ds zer o) which
encour ages investorsto purchase the asset. Depending on the current value of 4 oneor the other
influence will dominate.

Thearrowheadsin Figure 1 indicate the direction of each force' sinfluence on an
auctioneer that uses a tatonnement processto set A by considering A’ sinfluence on the price and
variance separately. First, consider theareatotheright of the plussign. Inthisregion, the
auctioneer noticesthat thereexistsinsufficient demand for the stock. Theauctioneer can increase
demand by lowering the price variance, and he can do thisby increasing 4. Thus, thesingle
arrowhead pointstotheright. Alternatively, the auctioneer can increase demand by decreasing
the price of the stock, which he can accomplish by decreasing A. Thus, the double arrowheads
point to theleft and into the plussign. These same arguments can also be applied to the other

regionsin the graph thereby yielding the forcesindicated by the remaining arrowheads.
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Noticethat in terms of the stability arguments given above neither the positive nor the
negativeroot equilibrium has an advantage. Theimpact of 4 on the security’s price tendsto favor
the positiveroot equilibrium, whileitsimpact on the variancetendsto favor the negative r oot
equilibrium.

One might suspect that even if an equilibrium is stablefor an economy with finitely lived
investors, it may not be stable if these same investors can set up infinitely long lived mutual funds.
In order to makethe argument concrete, consider a period t generation that attemptsto profit by
setting up such a mutual fund when the price of the zero dividend portfolio has a positive price.
Under this scenario the fund sellsthe zero dividend portfolio and distributesthe cash toits
investors. In period t+1 theinvestorsthen offer to sell their sharesin thefund to next generation at
a price of zero by pointing out that there are no cash flows associated with thefund. Aspart of the
old generation’s sales pitch they must convince the young gener ation that too will find ready
buyersat aprice of zero one period later. In fact, the period t+1 old generation must convince the
young gener ation that every subsequent gener ations will successfully convinceits own descendants
to accept thefund sharesat a price of zero.

Now, supposethat after setting up the fund the price of the zero dividend portfolio
increases even further, and consider the position of the generation that is*“ supposed” to purchase
thesharesat a priceof zero. If theseinvestorswant to hold this same mutual fund they can go out
and sell the same zero dividend portfolio themselves, and then keep the revenues themselves.
Clearly, thisstrategy at least weakly dominatesthat of purchasing the fund sharesfrom the
previous generation. Theyoung generation winds up holding the same assets plus the cash from
shorting the underlying securities, rather than with a position in just the underlying securities.
Even so, might the young gener ation still agreeto makethe purchase? Not if they think there

existsan arbitrarily small possibility that the next generation will not agreeto transfer the shares
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at alevel below thefund’s net asset value. Consider such “trembles’ and let thetremblesgo to
zero. For any positive tremble each member of the young generation strictly prefersto create his
or her own position by trading in the underlying assetsrather than accept the mutual fund shares
from the old generation. Thus, under what would seem to be a fairly reasonable application of
“trembling hand” perfection, the creation of an infinitely lived mutual fund cannot eliminatethe
negative root equilibrium. Themutual fund issimply a corporate shell and cannot alter the
fundamental tradeoffs available to investors.”” Unfortunately, no cor poration or mutual fund can

change thefact that the underlying claimants havefinitelives.

“’Aswith any other model in this genre, all of the shocks are normally distributed in order to
make the model tractable. Thus, prices can go negative and investors do not enjoy limited liability
protections. However, the dominance argument does not appear sensitivein this regard and if anything
limited liability should strengthen them. With limited liability a mutual fund with a negative net asset
value will simply declare bankruptcy. This possibility may severely limit its ability to short the
“expensive’ security.
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6 Appendix B

Proof of Proposition 1: Given thewealth equation (5) and the conjectured pricing equation (10)
thetrader will seek to solve the problem given by equation (11). Differentiating (11) therefore
producesthefirst order conditionsthat must be satisfied by theinvestor’s demands. Next, match
termsto solvefor By, and B. Since aggregate demand cannot depend upon the current dividend,

one must have that

B, = —BAN. 27

Now set theintegral of the X,(i) equal to N, in order to produce an equation in terms of the matrix

BZB

1 1+r)?
BX B +EB[rI+A]+( ) X, =0. (28)

Thisisa quadratic matrix equation in B. To solveit let B, = B[rl + A], and usethistoreplaceB in
the above equation. After making this substitution pre and post multiply the equation by

2},1]/2[;~I+A]‘1 and itstranspose respectively. Now let

“\While switching the control variable from F(i) to X,(i) does not alter the model’ s equilibrium
properties it does require a slight alteration in the equations that must be satisfied in equilibrium. Having
normalized the number of outstanding sharesin each firm to one, equilibrium normally requires that

f Fidi = 1

which is simply that demand equal s supply. However, with the change from F (i) to X(i) this condition
now becomes the equivalent

f X(i)di = N,

Otherwise, everything else remains unchanged.

40



Y = . 2[rI+A] B [rI+ A2, (29)

and notethat Y isa symmetric matrix, implying that Y =Y . With all of these substitutionsin place
the quadratic equation reducesto

r+Llys
0

2+ A1 [P+ 4] 'E = 0. (30)

1+r) 2q12
r

In order to solve (30) for Y add and subtract .2581, which will completethe square. This

yieldsa solution for Y equal to

Ly L 22:”2[ T+A]'S, [r1+A4] '8 - 31
E . 0 ¥ sl7 0| - (31)

Y: —LI+

20

Reversing through all of the substitutions produces equations (12), (13), and (14). Q.E.D.
Proof of Proposition 2: Proof: Let Sand V represent kxk matrices, with V diagonal, such that
SVS!= F'EF’ . Thus, Srepresentsamatrix of eigenvectorsand V a diagonal matrix of

eigenvaluesfor F'EF’ . Using these relationshipsthe following equalities must hold,

ZIF[I_F—IEFI—1]1/2F/ — Z/F[I_SVs—1]1/2FI —

ZHST-ns 12 F = ZFSu-n)'2SF. (32
From thedefinitionsof F, S, and V the following equalities must also hold
Z'FSVS™\F' = Z’FF'EF'"'F" = Z'E = 0, (33)

wherethelast equality follows from the proposition’s assumption that Z'E=0. Thus, Z isan

eigenvector of F'EF’ "' with an associated eigenvalue 0. DefineZ'F = Y’ and select S orthonormal
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with the exception of the eigenvector that isproportional to Z. Call the eigenvector associated with
Z,s,and normalizeit sothat Z's, = 1. Eigenvectorswith these propertiesmust exist since F'EF'*
issymmetric, see Strang (1976). Now the i diagonal element of (1-V)*? equals+1 sincethei™

diagonal element of V equals 0. So,

Z'FS(I-V)?S~'F' = +Z'FF' (34)
sincethesquareroot of +1 equals+1l. Q.E.D.
Proof of Proposition 3: To derive equation (17) pre-multiply equation (14) by Z' after using (13) to

substitute out for B. Then use Proposition 2 to produce (17).

Toderive (18) note that

%, = 2[25 + BEnB']. (35)

~

Now preand post multiply by Z and then use Proposition 2 to derive (18). Q.E.D.
Proof of Proposition 4: Under the negative root equilibrium, the expected value of the zero
dividend portfolio Y can bewritten as

2100

E(Y'P) = —%Y’[rHA] (;'1 e (36)

onm

Here Enl representsthe supply shock variance-covariance matrix for the securitiesin Y.

Expanding equation (36) produces

7 1 ’ - AT e
E(Y'P) = —% Y, (rIl+A1)2]ni(rIl+Al)N1 - ym(r+am)20nfnnml (37)
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wher e variableswith the subscript “ 1" represent the appropriate submatrices and subvector s that
correspond to the elementsin Y,. Thevariableswith a subscript “m” represent the scalar elements
of the appropriate matrices and vector s associated with y,,,. Clearly for of]m small enough E(Y 'P)
must be strictly positive, proving thefirst claim in the proposition.
Under the negative root equilibrium the payoff variance from holding Y equals
0
, [rI+A]Y. (38)

nm

Y'Z,Y = iY’[rhA]
62 0 o

Expanding this equation into the components associated with Y, and y,,, produces an equation

similar to (37) with the N andn termsreplaced by Y, and y,, respectively. Taking thelimit as of]m

goesto zero provesthe second claim in the proposition. Q.E.D.

Proof of Proposition 5: The proof of thefirst statement in the proposition followsimmediately

from equation (36). The proof of the second statement uses (38) and follows along the same lines as

the argumentsgiven in Proposition 4 following (38). Q.E.D.

Proof of Proposition 6: Thederivation issimilar to that of equation (18). Use the same ar guments

with Z asthe zero dividend portfolio, and X asan arbitrary portfolio. Q.E.D.

Proof of Proposition 7: Using (17) write therealized change in the closed end fund discount as,

Y'(P,,-P) = —%(rm)y'z:;l(Nm—Nt). (39)

t+1

now use (1) to find the expectation of (39) as

E[Y'(P

t+1

-P)] = —%a(r+a)Y’E;]1(JV—Nt). (40)
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The differ ence between the current closed end fund discount and its unconditional expected value

equals

VPP = Y S W), (1)

which clearly hasthe opposite sign as(40) sinceO < a< 1. Q.E.D.

Proof of Proposition 8: From equation (17) Y {P-P..,) can be written as

! 1 ! - AT
Y'(P-P,) = —EY [r1+A]S, (AN-N)+n,,). (42)

From the equations specifying the dividend and supply processes (equations (2) and (1)) onefinds

that
N, Dy,,~N'D, = (A(N_Nt)+Nt+nt+1)l(Dt+6t+1)_leDt' (43)

Plugging the above two equationsinto the formulafor the covariance between two variables

produces

1., S 1., 1.,
E{—EY [FI+4]1Z;'n,,n th} = ~g VI AID, = -2 Y'4D, (44)

wher e the second equality follows from the assumption that Y D, = 0. Q.E.D.

Proof of Proposition 9: To prove the proposition use equation (17) towrite

Y'(P,-P(N)) = —%Y’[mA]z,;l(N,—ﬁ). (45)



Next, ssimplify the second term in the covariance calculation by writing the period t+1 valuesfor

the dividend and security supply in termsof period t values and shocks. Thus,

N, _Nt,Dt = [A(]V—Nt)+'r]t+1]'Dt+[A(]V—Nt)+Nt+T]t+1]'5t+1. (46)

t+1

'D

t+1

Now plug equations (45), and (46) into the covariance formulain (25), and then eliminate the D, by

using

1
‘Dt = DO + 261 (47)
=1

At this point, note that the N, terms do not depend upon the realization of any of the &, terms and
recall that the , have both mean zer o expectations and zer o correlations with any other non-
dividend shockswithin the system. Thus, the expectation of & with either N, or 7, for anytor 7
equalszero. Thiseliminatesall of the d, termsfrom the calculation.

To eliminate the N, terms one needsto calculatethe value of N, in termsof N,. To do this

repeatedly use (1) to move forward in timefrom period O to period t and ther eby produce

IS

N, = (I-AYN, + Y (-4 '[AN+n,,,_]. (48)

=1
Theat t goesto infinity (1-A)' goesto zero and 2=1 (I—A)HAIV goesto N since (by assumption)

the eigenvalues of |-A lie between zero and one. Thus, both the N, and N terms disappear from the

calculation of (25). Thisleavesthefollowing elementsto account for in the limit
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lim cov(Y'[P,-P(N)], [N,.,'D,,,~N,'D]) =
[~ oo
_ ' (49)
lim Z{%Yl [rI+A]Enl( 2 (I_A)t_lnm—r) ( 2 (I_A)t_lnm—r) A-n 't+1}D0
T=1 T=1

]

theright hand side of which simplifiesto (25). Q.E.D.

Proof of Proposition 10: Simply differentiate equation (26) to prove the proposition. Q.E.D.
Derivation of the claim in footnote 15: Footnote 15 states that only the volatility concerning the
closed-end fund’s own production capital influencesthe discount. To provethisbegin by
assuming, without loss of generality, that the closed-end fund isthefirst security in the economy.
By definition the closed-end fund’s cash flows gross of wages equals n,;d,., ; and it value ngp.,, in

period t+1. Thus, theinvestor’sterminal wealth equation (3) becomes

W) = F't,—l(i)[Nt+1,—1'Pt+1,—1+Nt,—1'Dt+1,—1_Gt+1,—1J +

, (50)
ft][nt+1,1pt+1,1 Ty, _gt+1,1]+(1 +r)B, ).
By definition the capital base of a closed-end fund equalsitsholdingsin other firms (ﬁt) and its
own production capital (m,) which representsits computer equipment, copy machines and other
items used to manage the fund. Thus, by definition the following equalities must hold for the
fund’svaluation
NPy = F,t,—1<Nt,—1.Pt,—1>+mtptm (51)
and its cash flow gross of wages
ngd, = (Ft,—l_Ft+1,—1)'Nt+1,—1'Pt+1,—1+F't,—1 t,—1'Dt+1,—1_Gt+1,—1)+mtdt:n1 (52)
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wherea“-1" indicates a vector absent itsfirst element, p,” the market price of the closed-end
fund’s production capital, and 4,7, the cash flows deriving from that same capital. Based upon the
above equationstheinvestor’sterminal wealth. Now use the above two equationsto substitute out

for n,p,; and n,d,; in equation (50) and then rearrangeto yield

+

W) = F,,

. 11 (53)
£ +(1+9)B ().

y ” / . . —_—

i)+ tIFt+1,—1> [Nt+1,—1 Py y*N, 1Dy -G
m + dm _

My 1,0 Pe 1,1 My %11~ 8111

If one now redefines F,, N,,and P, so that they equal (f,,, Ft,,l(i)+ft1}3‘t’_1)’, (m, N..)'s (" Py’
respectively then (53) reverts back to the original wealth equation (3). However, as suggested in
footnote 15, the pricing equations only depend upon the closed-end fund’s production capital m

and itsassociated volatility and not on the underlying holdings.
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