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Abstract
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1 Introduction

Exotic options designed as contingent claims on equity indices, currency exchange rates, and the
term structure of interest rates, have achieved enormous success in global financial markets during
the past decade. Exotic derivative products, while seemingly complicated to small investors, have
provided institutional investors new vehicles to meet their diverse financial needs, e.g., hedging,
risk management, or speculation (when investors have specific views on the market movements
in the future). Theoretical advances by academics as well as practitioners have helped market
participants create more exotic products and understand the economic benefits of such products,
and consequently, contributed in an important way to the surge in popularity of exotic options.

In this paper we introduce a new class of exotic options: lookback options based on two traded
assets. A standard one-asset lookback call (or put) gives its holder the right to buy (or sell) the
underlying stock at its historical minimum (or maximum) price over a certain period. Analytical
solutions for standard lookback options have been found by Goldman, Sosin, and Gatto (1979) and
Goldman, Sosin, and Shepp (1979). Lookback options are appealing because they offer investors
the opportunity (at a price, of course) of buying a stock at its lowest price and selling a stock at
its highest price.

In our two-asset generalization, we consider options whose payoffs depend on the extremal (i.e.,
maximum and/or minimum) prices of one and/or two stocks over a given period. For example,
we consider call or put options on the spread between the maximum and minimum price of Xerox
stock over a given interval of time; an option to receive the maximum of General Motors’ stock
price (or return) at the maximum of Ford’s stock price (or return) over a given period; an option
to receive the minimum of IBM’s stock price (or return) at the minimum of Digital’s stock price
(or return) over a given period. We refer to these options as double lookbacks.

The economic motivation for double lookbacks is not difficult to perceive. An option on the
spread between the maximum and minimum price of a single stock over a given interval of time
captures in part the idea of an option on price volatility, and is conceptually simpler. Such an
option might be of interest to traders who want to bet on price volatility or hedge an existing
position which is sensitive to price volatility. Double lookbacks involving two assets allow investors
to bet on the difference between the extreme values of two assets or two indices. Since the double
lookback is an exchange between two extreme values, it is cheaper and therefore more attractive
than a lookback option that exchanges one asset for the extreme value of that asset. If an investor
wants to take a long position in the maximum of one asset and a short position in the value of

another asset, then a semi double lookback, which is an option on the difference between the



maximum price of one asset over a given period and the terminal price of another asset, would be
an appropriate investment vehicle.

The main contribution of the paper is to derive analytical expressions for the density /distribution
functions necessary to price double lookback options. In the case of a single asset, we derive the
analytical expression for the probability distribution of the maximum and the minimum prices of
one asset following a geometric Brownian motion. In the case of two assets, we derive the analytical
expression for the probability distribution of the maximum and/or minimum prices of two assets
following two correlated geometric Brownian motions. Numerical procedures are readily available
for evaluating all of the double lookback options discussed in the paper.

It is useful to point out that while the focus of this paper is on the pricing of lookback options,
the analysis presented in the paper can also be used to value barrier (or knockout) options based
on two traded assets. The analytical solution for the one-asset barriers is well known, see Merton
(1973) and Rubinstein (1992). For a two-asset example, we may consider an option on the difference
of two asset prices subject to a knockout condition based on either one or both assets’ prices not
reaching the boundary. We refer to these options as double barriers.

The paper is organized as follows. In section 2 we present mathematical results that are
important for the evaluation of double lookbacks. Specifically, we present various joint den-
sity /distribution functions of the extreme values of two correlated Brownian motions. In section 3
we set up the economy and analyze in details various types of lookback options of interest, includ-
ing lookbacks on one asset, double lookbacks, semi-lookbacks as well as double barriers. Numerical

examples are provided and compared. We conclude the paper in Section 4.

2 Main Mathematical Results

In this section we present several mathematical theorems that are necessary for our examination of
the no-arbitrage pricing of double lookback options. Specifically, we present the joint probability
density/distribution functions of the extreme values (i.e., maximum and minimum) of two corre-
lated Brownian motions. To the best of our knowledge, these joint probability density/distribution
functions have never been worked out in the literature. For completeness, we also report the joint
probability density/distribution functions of the maximum and minimum of a one-dimensional
Brownian motion and the joint probability density/distribution function of the maximum or min-
imum of one Brownian motion and the end value of another Brownian motion. The proofs for all

of the theorems in this section are left in the Appendix.



To start, let us define two Brownian motions with drifts,
Xi(t) = a;t + oqw;(t), t>0

where a; and o; are constants, w; is a Brownian motion defined on some probability space, and
cov(wy (t), wa(t)) = pt with p being a constant. Next, define the running minimum and maximum

of Xi by

Xi(t) = Ofggthi(S)
Xy = gans Xilo)

Our first theorem displays the probability density/distribution functions of the maximum or min-
imum of a one-dimensional Brownian motion with constant drift and the joint probability den-
sity /distribution functions of the maximum and minimum of a one-dimensional Brownian motion.

For ease of presentations, we define

= g(xamlat;al)dxa $§$17«’13120

G(z1,t;01), 21 >0

P(X1(t) € do, X, (t) >

g+—(x, 21,20, t;01)dx, 1 <0< 9, € [X7, 9]

Gi_ (1,22, t;001), x1 <0< ux9,x € [x1,22],

By considering the extremes of —X; instead of X; and adjusting the drift from «a; to «s, it is not

hard to see that
P(X1(t) € do, Xy (t) > x1) = g(—x, —21,t; —1), x>x1, 21 <0
P(Xi(t) > x1) = G(—21,t;—0q), 21 <0

Theorem 1 (i) The probability density/distribution functions for the mazximum (or the minimum,)

of a Brownian motion with constant drift is given by:

4:c2—4ac x

1 — ot e
g(z,z1,t;01) = . ﬁ¢($a \%1 ) (1—6 2oft ) , x<x1, 1120 (1)

1 1
2aqxq
r1 — aqt 7 —x1 — aqt

Gla1ta :N()—e”lN(), 21> 0 2
(2 2 o1Vt o1Vt b= @)

where ¢(z) = exp(—2%/2)/V/2m is the standard normal density, and N(e) is the corresponding

distribution function.



(i) The joint probability density function of the mazimum, minimum, and end point of a Brownian

motion with a constant drift, for x € [z1,z2], 1 <0, zo > 0, is given by:
g+_($,$1,$2) (3)

_ %_L%t - 1 x —2n(x — 1) B x —2n(xe —x1) — 221
_exp<a% 20%) 2 o—lﬁ{d’( o\ Vi )-o( = )] o

n=—oo

This density can be expressed in the equivalent form

94— (2,21, 22) (4)
2 «Q a? > n’m2o?t —x r—x
= exp —;a: — —12t Z exp —712 sinnm < ! > sin nmw ( L > dx.
Tro — I1 01 201 ne 2($2 - 561) Tro — I1 9 — X1

(iii) The joint probability distribution function of the mazimum and minimum of a Brownian motion

with constant drift, for x1 <0, xo > 0, is given by:

G+_($1,$2,t; al) (5)

s 2nay (wg—z7) _ . . _ _ _
P {{N (a:z ait — 2n(xg :1:1)) N (a:l ait — 2n(xy x1)>]
Ul\/% 01\/7?

2z _ _ _ - - - - -
7 {N <:1:2 art —2n(ze — x1) 2x1> N <:1:1 art —2n(ze — x1) 2x1>} .
oVt oVt

This distribution can be written in the equivalent form

n=—oo

0‘1;1 0‘1;2
o n o
a%t 00 2nm |le 71 — (—1) e 1 22024
~2.7 sy . nm(—21)
Gi_(z1,m0,t;01) = e *1 5——e 227717 sin . (6)
=1 n2n2 4 [%{wl)} T2 — T

Remark 1 One should note that the two seemingly different formulas in (ii) and (iii) for the joint
density/distribution are in fact equal: the second is the Fourier sine transform of the first. In
practice, one or the other may lead to more useful numerical approximations depending upon the

problem.

In Figure 1, we present a surface and contour plot of the joint density function

_52G+—($1,$2,t; ai)
89518:62

The parameter values chosen are o1 = 0.2 yr='/2, a; = 0, and ¢t = 1 yr, and we plot the minimum

over the range [—0.7,0] and the maximum over the range [0,0.7]. Note that in calculating the



infinite sum, we realize that the fact that when |n| is large, the terms in the bracket converges to

zero at higher order. Our plot shows that the density function is smooth and well-behaved.

Next, we present our main theorem on the probability density/distribution functions of the
extreme values of two correlated Brownian motions. The no-arbitrage pricing of double lookback

options is a direct consequence of this theorem. Define

P(Xl(t) S dl’l,Xg(t) S d:L‘Q,Xl(t) > ml,XQ(t) > mg)

= p(x1, T2, t;m1, M2, a1, 2,01, 02, p) dr1dTs
Theorem 2 (i) For x; > my, x3 > may, where m; < 0, ma <0,

p(x1,x2,t;my, ma, 00, 02,01, 02, p)

€a1$1+a2$2+bt
= ————=h(@1,22,t;m1, M2, 1, 02, 01,02, p) (7)
0102 1-— 1%
where
2 X g nmby . nad rro
h($1,$2,t, m17m27a17a2701,0270) = @T;e 2t sin 3 sin 71% (t>
and
a1 Q102 — P01 , = Q201 — pa102
(1—pP)aton (1— p?)0103
1 1
b = —aja1 — asag + 50%@% + poiozaiaz + §0§a§
/1T — 2
tanf = _7p’ B € [0,n],
p
1 r1 — ma ro — M2 o9 — My
21 = > —p\—— )|, m=—"T"
v1i—p o1 02 02
1 mi  pme mo
20 = —— +—|, 220 ="
v1i—=p o1 02 02

2. .2 72
= , tanf=-—=, 0e]l0,p],
r VALt 2 an " [0, 3]
rg = \/z%o + z%o, tan 0y = —Z%, 0o € [0, 5].
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(ii) For x1 > my, xo < Ms, where my <0, My > 0, we have

P(X1(t) € dur, Xo(t) € dxa, X1 (t) > my, Xo(t) < My)

= p(x1, —x2, t;m1, =M, a1, —2, 01, 02, —p) dxidxs.



(iii) For x1 < My, xo < My, where My > 0, My > 0, we have
P(Xl(t) S d$1,X2(t) S dwg,yl(t) < Ml,Y2<t) < Mg)

= p(—x1, —x2,t; — My, =My, —0q, —a, 01,02, p) dridzs.

Remark 2 (i) For a1 = ag =0 and o1 = 02 = 1, our result coincides with Carslow (1959, p. 279
or p. 379).

(ii) Integrating over the density functions in the above theorem and applying a change of polar-

coordinates, we obtain the distribution function:
P(X1(t) < w1, Xao(t) < ag) = erorta2eatbl g,/ ¢f )

where a1, as and b are as defined in Theorem 2, and where

2 & nrd 2 9 nm
/ / _ . _r_ .
f(r,0,t) = mnzzjlsm( = Je 2 ; 81n(7)gn(9)d9
with )
2 o) —borsin(O— T
gn(e) :/O re e bir cos(0—a)—barsin(6 O‘)I%(T)dr
and
1
oo 1 ﬁ B 2px1 T n aé 2
1— p? a% 01092 O'%
0 = 0+ a, with cosf = x1/
g1r
tana = L, o =a+ T
V1= p? 2
bi = ay01+ agozp
bQ = a09 1-— p2

Similar expressions can be derived for
P(X(t) > 21, Xo(t) < a2)

and
P(Xy(t) 2 1, X5(t) > a2)

It is useful to point out that for certain special values of the correlation coefficient p, the
density/distribution functions in Theorem 2 can be significantly simplified. We state this result as

a corollary.



Corollary 1 (i) Suppose the same assumptions hold as in Theorem 2 (i), except that the correlation

p can take on only the special values

pn——cos<ﬂ>, n=12,....
n

Then the density function p has the special form
€a1z1+a2$2+bt

p(r1, 22, 1; ‘) =
0'10'2\/1 — p%

where h is a finite sum of bivariate normal densities

h(Zl,ZQ,t; 0), (8)

n—1

h(ZlaZLt; .) - Z [g]j(zluzaat) + gk_(zl)227t)i| .
k=0

and

2 2
g,:f(zl,zg,t) = :t(27r)_1 exp (—; [(21 — r( COS (QI:T + 9())) + (22 — rgsin (21:;71- + 0())) ]) )

Similar density functions can be derived for the cases in Theorem 2 (ii) and (iii).
(ii) Suppose the same assumptions hold as in Theorem 2 (ii) with p, = cos . Then, for x1 > 0,

.Z'QSO,

n—1
— 2km 2k
PE1() < 21, Xo(t) > 22) = 3 [H(ro, S0~ Hro, 9)} ()
k=0
where
2k 1 1
Hiro, 2" +0) = exp {Ao + AL+ Ao + (2A§ v oA b) t] Y
N, (2t A2t~V pr(G + Ait) — pu(G + Aat) )
\/i M \/i ) n
G = —ro cos(%% +60), (=m0 sin(%% +6)
V)
tanf = 1= ra
pn — (z102/22071)
and
Ay = a1x1 + axo
A1 = ajoy/1—p2
Ay = aio1p, + a0

and Na(z,y, p) is the standard bivariate normal distribution for correlation p.



Remark 3 Note that the special correlation values in Corollary 1 (i) are all negative. Thus for
the double minima or double mazima densities, the result may be of limited usefulness, since we
expect most assets to be positively correlated. For the density involving the minimum of one asset
and the maximum of another, this corollary is more interesting, since it is applicable to assets with

positive correlations of the form cos(mw/n) (where n = 3,4,5,---).

In Figure 2, we present a surface and contour plot of the joint density function
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_6$18$2P(Y1(t) < $1,X2(t) > .Tg),

as given in Corollary 1. The parameter values chosen for the picture are o = g9 = 0.2 yr— /2,
t=1yr, g = a2 =0, and p = 0.5. Since this example corresponds to the case where n = 3, we
can plot the density function using the analytical formula.

Finally, we state a theorem which derives the joint probability density of the extreme value of
one Brownian motion and the end points of both Brownian motions. This theorem will be useful

for our study of semi-lookback options. Define
P(X1(t) < My, X1(t) € dry, Xo(t) € dxo) = uyo(x1, 22, t; M1, a1, 0, 01, 02, p) dy dao
P(X1(t) € dxy, Xo € dre, X5(t) > m2) = ug—(x1, 22, t;me, 1, 2, 01, 09, p) dr dxo
P(X1(t) € dzx1, Xa(t) € dus) = fro(z1, 22,8 1, 2, 01, 02, p) dxy de

P(X1(t) € dry, Xy(t) € dag) = fo—(x1, 22, t; 01, a2, 01, 02, p) dx1 dxs

Theorem 3 (1) The probability density function of the maximum of one Brownian motion and the

end points of both Brownian motions is given by:

AM2 _aMyay z1—aat
1 x1 — aqt -—] To — ol — 1002( )

Uso(x1, T0,t;0) = 1—e 2oyt B 10

+o(z1, 22,17 @) a\/¥¢ - ) oor/(1 = )i (10)

Similarly,
U_O(ml, X2, ta ma,a1,02,01,02, P) - u+0(—x2, X1, ta —mg, —02,(1,02,01, _P)
(2) The probability density function of the maximum of one Brownian motion and the end point of

another Brownian motion is given by:

B2

fro(z1, z2,t;0) = alaiﬂ'thXp (A4) [t\/l — p?exp (—7) — dV2rtN(-B) (11)



with constants

A = 200171 a%t 02,02 n d?
o} 207 2t(1—p2)  2t(1—p?)

B = i (ot )
where
Tr9 — oot 2x1 — aqt
‘- a2p - 01
q - alt(1—02)+cp2
01
Similarly,

fOf(xla x2, t; o, o, 0-170-2,/)) = f+0(—l‘2,l‘1,t; —Q2,(1,02,01, _p)

In Figure 3, we plot the semi-lookback density fio for a specific choice of parameter values.

Once again, the density function is smooth and well-behaved.

3 No-Arbitrage Valuation of Lookbacks

In this section we apply the mathematical results obtained in the previous section to derive the
no-arbitrage valuation of lookback options. We start with the setup of the economy and the basic
equation for the no-arbitrage valuation of general contingent claims. For completeness, we include
a section on lookback options on a single asset. We then move on to lookback options on two assets,
i.e., double lookbacks. For comparison, we also consider semi-lookback options on two assets, i.e.,
lookbacks on one asset with the payoff depending upon the terminal value of another asset as well.
Finally, we discuss how we might be able to use our results to study double barriers, i.e., barrier

options on two assets.

3.1 The Economy and Arbitrage-free Pricing

Taken as given is a Black-Scholes economy in which stock prices are log-normally distributed, the
interest rate is constant, and continuous trading without transaction costs, taxes, or other market
frictions is permitted. There are three assets: one riskfree bond and two risky stocks. The prices
of the bond and the stocks are determined by:

B(t) = ¢

2

Si(t) = 5 (O)e(’“_q“%)““’lwl ()

2
Sa(t) = 5 (0)6(“2*‘12*072)”02102(7&)



where r is the riskless rate, u; the expected instantaneous return of stock i, ¢; the dividend yield of
stock i, o; the volatility of stock i, and w; a standard Brownian motion with cov(dwy, dwy) = pdt.

Following Harrison and Kreps (1979) and Harrison and Pliska (1981), the Black-Scholes economy
is known to be viable and dynamically complete. Thus, any contingent claim written on these two
stocks can be replicated through dynamic trading in the stock(s) and bond. Furthermore, there
exists a probability measure @ (the equivalent martingale or risk-neutral measure) under which the
discounted price V*(t) = V (t)/B(t) of the contingent claim is a martingale. Under this risk neutral
probability, the stock price processes are:

Cr2
Si(t) = Si(0)elr—m—3)ttorwi®)
2

So(t) = Sy (o)e(r*qr%)thwé(t)

where w] and w3 are standard Brownian motions under () with the same constant correlation p
as under the original probability measure. Because the discounted contingent claim price V*(t) is
a martingale, its value at date 0 can be determined by taking the conditional expectation of its

terminal value:

V*(0) = EY[V(T)).

For a Black-Scholes economy with constant interest rates, this equation can be rewritten as
V(0) = e "TEQ[V/(T)].

Throughout this paper, we assume that we are pricing the lookback options at date 0, the
options expire at date 7T', and that the lookback period runs from t* to T'. Note that t* may be
either positive or negative. For ¢ = 1,2 and ¢ > t*, define the running minimum and maximum of

stock price S; by

5i(t) = min Si(s)
Si(t) = t%%gtSi(s).

A general lookback option can therefore be defined as a contingent claim which pays off at the

expiration date T

H(Sl(T>7§1(T)7§1(T)ﬂ SQ(T)ﬂEQ(T>7§2<T))

where H is a continuous function. The valuation problem we face consists of evaluating a conditional
expectation of the payoff function, which in turn is simply a matter of integrating the payout with

respect to an appropriate density function.

10



If the lookback period begins at t* > 0, then by iterating the expectation we find
V(0) = e TEQ [EZ[V(1)]].

The inner expectation is of the same form as when ¢* < 0, and hence can be evaluated using the
same densities derived in the previous section. The outer expectation is simply an integral with
respect to the distribution of S;(¢*), and can be evaluated using standard techniques. For the rest
of this paper, we concentrate on the case where t* < 0.

For ease of notation, we define X;(t), the normalized logarithmic price of stock i, by
X;(t) = log Si(t)/5:(0) = ait + oywi(t),  (£"<0<t)

where o; =7 — ¢; — 02/2. Also, define the running minimum and maximum of X; by

=)
M = ma, Xilo
Hilt) = oig )
X;(t) = ()H<1?§1§Xi(5)'

Then, we can rewrite the payoff function as

H(S1(0)eX(T)| 8y (0)emnmXa (D) g, (0)emax(MuXa(T) L. L

3.2 Lookbacks on One Asset

In this section we consider lookback options on a single stock. We first record as a proposition the
analytical formulas for standard lookbacks based on either the maximum or the minimum of an
asset over a given period. The proofs of these formulas can be found in Conze and Viswanathan
(1991). We then examine lookback spread options where the payoffs depend upon the maximum

and minimum of an asset whose price follows a geometric Brownian motion.

Proposition 1 Let Crp (or Prp) be the price at time 0 of a standard lookback call (or put) which
pays [S1(T) — S,(T)] (or [S1(T) — S1(T)]) at the expiration date T'. Then,

Crg = Se ™' N(dy) — e "'mN(dy — oVT)

2 2
T O 1_20r—a) 2(r—q) 2(7« — q) o T
— S o2 2 N(—=d 2V TV Se T N(—d
+e 50— a) m (—=di + . VT) 20— q) e (—d1)
Prp = —Se”"'N(=ds) +¢ " MN(~dy +oVT)
2 2
7 O | 20=a)  20—q) 2(r — q) o .
e T T G T M Ny - N YTy T SemiTN(d
‘ 2(r—q) (d> o \F)JFZ(T—Q) ‘ (d2)

11



where S = S1(0), m = S,(0), M = S1(0) and

In(S/m) + (r — q)T + 36°T
oVT

In(S/M) + (r — )T + 30°T
oV'T

Similarly, let Cpp (or Pp,) be the price at time 0 of a call written on the mazximum (or a put on the

d =

dy =

minimum) with a strike K. Then,

Se~"N(d) —e ""KN(d — ov/T)
_2(r—q)  2(r—q)

T _o? §l==52 K?N(d—@ﬁ)‘i‘ o? Se_qTN(d), if K >M

Cy = 2(r—q) 2(r—q)
e "T(M — K)+ Se™ 1 N(dy) — e " MN (dy — o/T)
—rT o2 1— 2(r—
T S 2

20r—q) 9) - 2 _
7SS T Mo N(dy — 20T + 5@ 8e~aTN(dy), if K < M
—Se= T N(~d) + e " TKN(~d+ oV/T)

2(r—q) _ 2(r—q)

—€

ho +e T Ty E ST KT N(—d + 20VT) = 5= 8e™TN(=d),  if K <m
"o e "T(K —m) — Se ' N(—dy) + e " TmN(—d; + oVT)
2(r—q) 2(r—q)
te TG Z o8 m e N(—dy + 20VT) — 528 N (—=dy), if K >m

where

g In(S/K) + (r — )T + £0°T
- —~r

We note that standard lookback call and put prices are equal to the corresponding Black-Scholes
values, with strikes set at the current maximum or minimum, plus a premium. This premium reflects
the opportunity that the minimum (or maximum) can go down (or up) further. The prices for calls

on the minimum and puts on the maximum have a similar interpretation.

Next we consider a lookback spread defined as a European call/put option on the spread between
the maximum and minimum of a single stock price. Using our notations, the payoff function of

such options can be written as
max |0, (Sy(T) - $4(T)) - K|

max[(),K — (gl(T) - ﬁl(T)>}

Lookback spread options are options contingent upon the maximum dispersion of the stock prices
realized over a given time horizon. These options are obviously very sensitive to the volatility of

the stock prices, and therefore offer tremendous exposure to the volatility of the underlying stock.

12



Recall that in Theorem 1, we have derived a set of joint density/distribution functions for the

maximum and minimum of a single Brownian motion:
Gi—(z1,22) =P(X,(t) = 21, X1(5) < 22)

The density function is determined by differentiating G4_. Given the joint density function, the
price of a lookback spread can be obtained by integrating the final payoffs with respect to the
density. Specifically, define

Vsp(1,z2) = max [O, (Sl(O)emaX(Ml’“) - Sl(O)emin(ml’“)> - K} .

Proposition 2 The price at time 0 of a lookback spread call, Csp, is given by

—0%Gy_(x1,12)
8m18:c2

T 0 >
CSP:e*’"/ d:z:l/o dxo Vsp(z1,x2)

(12)
with corresponding formulas for the put option.

Based on (12), we have evaluated the price of a lookback spread option by direct numerical
quadrature. In Table 1, we list the prices for lookback spread call and put options for various

parameter values.!

These prices have the right sensitivities, i.e., higher volatility leads to higher
option premiums and larger strike price leads to smaller call premium but larger put premium.
When the volatility is 20%, the premium for the lookback spread (S — S) is 31.5% of the initial

stock price.

3.3 Lookbacks on Two Assets

We now analyze double lookback options whose payoffs depend on the extreme values of two assets
following correlated geometric Brownian motions. We are mainly interested in three types of double
lookbacks:

e (Double Mazima) call or put on the difference between the maximum of S; and the maximum
of SQZ
max [O, (agl (T) — b?g(T)) - K}

max [O,K — (agl (T) — b§2(T)>}

where a¢ > 0 and b > 0 are parameters to be chosen by investors. In practice, if t* = 0, it may

make sense to pick a and b such that aS;(0) = bS3(0). For example, a = % and b = #(0).

"While the density is in the form of infinite sum, it converges rather quickly. We expect that the density calculation
is correct to a very high precision almost everywhere, since we sum terms until additional terms contributed less than
some very small number. The numbers shown in the table are accurate to the number of digits given.
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o K | Call Put
01]16.21 | 0.00
0.1 15| 3.11 | 1.17
20 | 1.27 | 4.08
30 | 0.18 | 12.50

0] 31.50 | 0.00
0.2 | 30| 5.57 | 2.60
35| 3.56 | 5.35
60 | 0.42 | 25.99

01]47.09 | 0.00
03] 45| 846 | 4.18

50 | 6.42 | 6.89
100 | 0.60 | 48.63

Table 1: Values for call and put lookback spread options with payouts of, respectively, (S —S—K)*
and (K — S + S)T. We assume that S(0) = S(0) = S(0) = 100, » = 0.05 yr=%, ¢ =0, t = 1 yr.

With @ and b chosen in this way, the double maxima represents an option on the difference
between the maxmum returns of the two stocks over a given period. When K = 0, the double

maxima call is equivalent to an option to buy the maximum of S; at the maximum of Ss.

o (Double Minima) call or put on the difference between the minimum of S; and the minimum
of SQZ
max|0, (a8,(T) ~ bS,(T)) ~ K|

maX[O,K — (aS(T) — bﬁQ(T))}

When K = 0, the double minima call is equivalent to an option to sell the minimum of Sy

for the minimum of Ss.

e (Double Lookback Spread) call or put on the spread between the maximum S; and the mini-

mum of Sy:
max [0, (aS1(T) = bSy(T)) — K]

max [0, K — (aS1(T) - bSy(T))] -

These three types of options can be useful for investors with special investment needs. Double
maxima/minima represent options on the difference between the maximum/minimum returns of
two stocks over a given period. They provide investors with a special vehicle to take a view on how
these two stocks will perform relative to each other. Similarly, double lookback spreads capture

the difference between the maximum upside of one stock and the maximum downside of another
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stock. This type of options can be an aggressive play on the volatilities of the two stocks as well
as on the correlation of the two stocks.
We state a proposition to summarize the evaluation of various double lookback options shown

above. Define

Vomaz(1,2) = max [0, aSl(O)emaX(Ml’xl) — ng(O)emax(MQ’“) — K}
Vomin(z1,22) = max [0, aSl(O)emm(ml’xl) - sz(O)emin(m%z?) - K}
Vprs(z1,r2) = max [O, aS1(0)e™x(Miz1) _ b5, (g)eminimiez) K}

for some constants a and b.

Proposition 3 The call prices Cpmaz, Cpomin and Cprs, respectively, for double mazxima, double

minima and double lookback spread options are determined as follows,

_ o0 o0 PP(X1(t) <z1,Xa(t) <z
C’Dmam = € 7"T/ d$1/ dxo VDmaz(x17x2) ( 1( )8_ : 2< ) — 2> (13)
0 0 xl&rg
0 0 O?P(X,(t) > 21, Xo(t) >z
Comin = G_TT/ dl’l/ dxa Vpmin (21, 72) (& )(9;;5&:22( ) 2 72) (14)
0 00 —O?P(X,(t) > a1, Xo(t) <z
CprLs = G_TT/ dl’l/ dxo Vprs(z1,x2) (X ( 19_ L, Xa(f) < 22) (15)
—00 0 l’laxg

Formulas for corresponding puts can be obtained similarly.

Recall that the joint probability distributions for the above three cases have been derived
in Theorem 2. This proposition states that the prices of double lookbacks can be obtained by
integrating their final payoffs with respect to the corresponding distribution function. In general,
evaluation will require a four-dimensional numerical quadrature (a two-dimensional integration is
required to get P(X(t) > x1, X2(t) < z2), given the density function p(z1, z2,t;m1,ma,e). There
exist standard numerical techniques for evaluating such integrals. We expect that this methodology
may be more computationally efficient than Monte-Carlo or lattice techniques.?

In Table 2, we give numerical prices for various parameter values.> Once again, these prices
have the desired sensitivities with respect to o1, 02 and K. We note that as the correlation between

the two assets increases, the option premiums decrease for both calls and puts. This should be

intuitive, as higher correlation leads to lower volatility in S; — Sy. Also, if we hold 01 = 09 = 0.2,

2While we have not conducted a thorough comparison between numerical integration of our function and Monte-
Carlo simulations, our preliminary investigation shows that Monte-carlo simulations (without some clever tricks)
seem to be distinctly slower for double lookbacks with continuous sampling. However, we believe that for discrete
maxima, Monte-Carlo is probably the preferred methodology.

3Since we have chosen special p’s for the cases shown in the table, exact analytical expressions in Corollary 1 were
used for computation. The numbers shown should be accurate up to the number of digits given in the table.
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o1 | o9 p| K| Cal Put
any | 0| 31.50 | 0.00
02102 50|30 | 7.14| 4.17
71130 6.55 | 3.58
90 | 30| 5.92 | 295
any | 0| 44.25 | 0.00
0.2104] 50|45 | 7.59| 6.15
71| 45| 6.69 | 5.26
90 | 45| 5.73 | 4.28
any | 0| 50.10 | 0.00
0.4]0.2] .50 |50 | 13.28 | 10.74
71| 50 | 12.63 | 10.14
90 | 50 | 12.09 | 9.57
any | 0| 62.84 | 0.00
0.4|104] .50 | 65 | 12.58 | 11.57
71| 65 | 11.43 | 10.46
90 | 65 ] 10.32 | 9.35

Table 2: Values for call and put double lookback spread options with payouts of, respectively,
(S1 — Sy — K)T and (K — 51 + S5)". We assume that S1(0) = S2(0) = S1(0) = S5(0) = 100,
r=0.05yr !, ¢t = g2 =0, t = 1 yr. Note that the correlation coefficients correspond to p = cos o
cos 7, and cos 7.

then the option premiums for the double lookback spread in Table 2 is more expensive than those
of the lookback spread in Table 1 (for fixed strike). But, as p increases to 1, the option premiums

converge to those in Table 1.

3.4 Semi-Lookbacks on Two Assets

To make an interesting comparison of various types of lookback options, we add yet another class
of lookback options whose payoffs depend on the extreme value of one asset and the final value of
another asset. For example, consider an option to buy the maximum of S; at the final value of S,
or an option to sell the minimum of Sy at the final value of S7. We call such options semi-lookbacks.

Recall that in Theorem 2, we have derived the probability density functions necessary for the

valuation of semi-lookbacks:
P(Y1<t) < Ml,Xl(t) € dxl,XQ(t) S d.%'g) = U+0(.’E1,1‘2,t; 0) dxy dxo

P(X1(t) € doy, Xa(t) € dxa, Xo(t) > ma) = uo— (1,22, t; @) dr1 das

'P(Yl(t) S d.’L‘l,XQ(t) S d.%'g) = f+0(ac1, T2,1; 0) dxy dxo
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P(X1(t) € dry1, Xo(t) € dxe) = fo—(z1,z2,t; @) dxy dxs
For example, consider the call options with the following payoffs:
Vsmaz (1, 22) = maX{O, Sl(O)emaX(Ml’xl) — S53(0)e*? — K}
Vemin(1,22) = maX[O, S1(0)e™t — SQ(O)emin(mQ’”) — K}

with corresponding formulas for the put options. The values of these options are given by the

following proposition:

Proposition 4 Let Cgmar and Csmin be the prices at time 0 of semi-lookback call options with
_ +
payoffs [Sl(T) — So(T) — K} and [S1(T) — So(T) — K|, respectively. Then,

Csmaz = e_TT/O del/ dxo Vmaz (21, 22) fro(x1, 22, T) (16)

+oo 0
Csmin = efrT/ dfv1/ dza Vemin (1, 22) fo— (21, 22, T). (17)

In Table 3, we list values of semi-lookback spread options for various parameter values, obtained by
numerical quadrature of the integrals in Proposition 4. Comparing Tables 2 and 3, we find that for
a fixed set of volatilities, correlation, and strike parameters, the call premiums for semi-lookback
spread options are cheaper than those of the double lookback options. However, the put premiums
should be more expensive. As the correlation between two assets increases, the option premiums

decrease for both calls and puts.

3.5 Double Barriers

The analysis presented so far can be easily employed for pricing barrier options (or knockouts) based
on two assets. In the case with standard one-asset barriers, the option pays max(S1(7T) — K, 0),
subject to a condition that the stock price Si(t) never hits a fixed boundary (which could either
be larger or smaller than the initial stock price). Merton (1973) was the first to provide a solution
to evaluate this type of options. We refer the reader to Rubinstein (1992) for a complete list of
one-asset barrier options.

In the case with two traded assets, we consider a general contingent claim which pays, at the

maturity date,
V(T) = f(S1(T), S2(T))

for some function f, subject to the conditions that S;(t) and/or S2(t) never hit some pre-determined
boundaries. We shall call such options as double barriers. Obviously, the keys to valuing double

barriers lie in the following probability density functions, which are derived in Theorem 2:

P(Xl(T) S d]:l,XQ(T) € dxg,yl < Kl,YQ < KQ)

17



o1 | 09 p| K| Call Put
0.1 0| 18.44 | 4.16
0.1 15| 952 | 9.51
02]102]05] 0|17.04| 2.74
05|15 | 764 | 7.62
09| 01509 | 0.78
09|15 | 497 | 4.95
0.1 ] 0| 25.46 | 11.16
0.1 | 20 | 13.87 | 18.62
0.2|104]05| 0]23.58]| 9.28
0.5 120 | 11.75 | 16.48
09| 0|21.05| 6.73
0920 9.18 | 13.90
0.1 0| 3556 | 2.67
0.1 |30 | 16.68 | 12.35
04]102]05] 03428 | 1.39
0.5 |30 | 14.14 | 9.80
09| 01|33.07| 0.18
0.9]30|10.83 | 6.49
0.1 04101 ] 8.13
0.1 | 35| 19.36 | 19.79
04]04]05] 03831 | 5.42
0.5 35| 15.52 | 15.95
09| 03445 | 1.55
0935 992 10.33

Table 3: Values for call and put semi-lookback spread options with terminal payouts of, respectively,
(S1 -8 — K)* and (K — S+ S2)". We assume that S;(0) = S2(0) = S1(0) = 100, » = 0.05 yr— 1,
@1 =q=0,t=1yr
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P(Xi(T) € dxy, Xo(T) € dug, X; > K1, X2 < K>)
P(X1(T) € dxy, Xo(T) € dug, X1 > K1, Xy > Ko)

Integrating these functions multiplied by the payoff function gives rise to the desired option pre-
mium.

Similar to the semi-lookbacks considered in the previous section, we can also evaluate a special
class of barrier options which are European calls or puts written on one asset, subject to a condition
that the value of another asset never hits a pre-determined boundary. The probability densities

necessary for this type of options are
P(Xl(T) € diUl,YQ < KQ)

P(Xl(T) S dl’l,XQ > KQ)

which can be obtained by integrating the relevant densities.*

4 Conclusions

We have presented a technique for pricing lookback options on two assets following correlated
geometric Brownian motions. The essential part of this technique is to derive the probability
density /distribution functions of the extreme values of two correlated Brownian motions. With this
technique, the prices of many kinds of lookback and barrier options can be calculated efficiently.
We hope that our pricing technology will be useful for any research in the future that involves the

extreme values of two correlated geometric Brownian motions.

“Heynen and Kat (1994) have derived the same density function and obtained closed-form solutions for semi-barrier
options.
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Appendix:

PROOF OF THEOREM 1: Part (i) is a standard result and can be found in Rubinstein (1992). To
prove (ii), the density function can be obtained by using a reflection principle argument. Karatzas
and Shreve (1991) give the zero drift result, and our result just shifts by a Girsanov factor. Al-
ternatively, one can obtain this result by solving the Fokker-Planck equation using a method of
images procedure (see, for example, Wilmott, Dewynne, and Howison (1993)). To get the second
density function, define g(z)dz = P (&1 (t) > 21, X1(t) < w2, X1 (t) € d:c). Then g(z) satisfies the
following Fokker-Planck equation with absorbing boundaries:

dg 1 ,0% dg

ot~ 27022 Mo

9(z,0) = 6(z), g(x1,t) = g(x2,t) =0

where §(z) denotes the Dirac delta function with a spike at z = 0. A routine separation of variables
technique leads directly to the answer given. See Gardiner (1990) for the zero-drift solution.
Integrating the expressions in part (ii) over x € [x1, z2] leads immediately to the joint distribu-

tions in (iii) for the minimum and maximum of a Brownian motion. [ |

PrROOF OF THEOREM 2: For notational convenience, we denote the density as p(zi,zo,t). We

know that p satisfies the Fokker-Planck equation

0?2 1

p d’p
—F + zo
8x1 8:62 2

2 —_—
29,2
O0x3

p dp o 1 ,0%
a— alaixl OégaixZ—FiO'laix%‘i‘pO'lUg

with the following initial condition
p(z1,x2,t = 0) = 6(x1)d(x2)
and absorbing boundary conditions
p(xy =my,x9,t) = 0
p(z1,x2 = mo,t) = 0.

We proceed to explicitly solve this PDE.

First, we note that we can eliminate the drift terms by the following transformation. Define

a1x1+azxa+bt

p(x1,z2,t) =e q(z1,2,1)
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where aj, ag, and b are defined as above. Then ¢(z1,x2,t) satisfies

with boundary conditions

dq 1 282(1 0%q 1 282q
- 5018730% +PU102M + 50287303
q(m17m27t: 0) - 5($1)5($2)
Q(«Tl - m17$27t) - O
q(x1,22 =ma,t) = 0.

Next, we note that this PDE can be simplified by a suitable transformation of coordinates, to

eliminate the cross-partial derivative and normalize the Brownian motions. Explicitly, if we define

new coordinates z; and 29, as given above, then

and h(z1, z9,t) satisfies

with boundary conditions

where

h(z1(z), z2(x), t)

o102/ 1 — p?

on_1 (0% o
ot 2\022 023

q(l'l,l‘g,t) =

h(Zl, z9, t) = 5(2’1 — 210)5(22 — 220)
h(let) = h(L27t) = 07
L1 = {(2’1,22) LR = 0}

LQ = {(21,22) LR = =

These boundary conditions along L; and Lo are more conveniently expressed in polar coordi-

nates. Introducing polar coordinates (r, ) corresponding to (z1, z2) as defined above, we obtain

with boundary conditions

oh 1 <82h 10h

1 6%h
a2 arzﬂarﬂzaez)

M0t =0) = —5(r —ro)o(6 — o)
0
h(r,0 =0,t) = 0

h(r,0 = 3,t) = 0.
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To solve this PDE for h(r,0,t), we look for separable solutions of the form R(r)©(0)T(t).
Plugging this in to the PDE, we find
T 1(R’" 1R 160"
S=c St S 55 ) =-A%)2
T 2 ( R + rR + r2 © ) /
where the separation constant is negative because the solutions must decay as t — oo. Hence, we

have
T(t) ~ e—)\Qt/Q

R// Rl @//
244 o 2.2 ~ ) =
(r R+7"R+)\r>+<®>

Defining ©” /0 = —k?, we find

and

O(0) ~ Asinkf + B coskf.

The boundary conditions require that ©(0) = ©(5) = 0, and hence k must be real, B = 0, and
sink(B = 0.

This last requirement restricts k to discrete values of the form

Thus the most general angular solution consistent with the boundary conditions is

@(H)NSinnge, n=12,....

Finally, the radial part of the solution is
r?R"+rR + (\r® —k2)R = 0.

Defining y = Ar, we can rewrite this in the standard form

2
y22gf§ + ycfg +(y* - k)R =0.
This is Bessel’s equation, with the well-known fundamental solutions Ji, (y) and Ij, (y). Since
Ix, (0) diverges, and we require R(0) to be well-behaved, the I (x) solution is not permitted.
Hence the general radial solution is

R(’r‘) ~ Jkn ()\T)

In summary, then, the most general solution to the PDE for h(r,,t) consistent with the ab-

sorbing boundary conditions h(r,0,t) = h(r, 3,t) = 0, is given by

h(r,0,t) = / Z cn()\)e_% sin <n;9> J% (Ar)dA.
0 n=1

22



Our goal now is to find the coefficients ¢, ()\) which fit the initial condition h(r,8,0) = ry*(r —
70)8(6 — o).
To find ¢, (), multiply the previous equation at t = 0 by sin (mg 9) and integrate over . We

find
mm (90

ﬂ)zgéwﬁwﬂﬂme

Next, multiply this equation by rJ mE (N'r) and integrate over r. Using the well-known completeness

7o 0(r — 70) sin (

relation
/ xJ,(ax)J,(ba)dx = a '6(a — b),
0
we find )
2\ . (mm0
(X)) = ﬁsm< ﬁO)Jﬁme)

Plugging this expression back into the general formula for h, we find

> 2 w0 0
h(r,0,t) = / ( ) Z e sm( 3 0) sin (ng > er (ATO)JM (Ar)dA.
The X integral can be performed explicitly using the fact that [Gradshteyn and Ryzhik, p. 718]

e 2.2 1 _a24? ab
—cr = — c2 —_— .
/0 xe Jy(ax)J, (bzx) dx 5.2¢ ° I, (202)

Doing so leads to the final expression that

0= (2) S 5 (150 i (75) (7).

This completes the proof of part (i). The proofs of parts (ii) and (iii) follow immediately by

symmetry. |

PROOF OF COROLLARY 1: Follow the proof of Theorem 2(i) until the PDE for h(z1, 22, t) is derived.
When p,, = — cos(m/n), note that the angles between the lines L; and Ly in Theorem 2 take the
special values

Bn=m/n, n=12....

For these angles, a method of images solution to the PDE is possible, as follows. Note that
gi(zl, zo,t;a1,as) = :|:(27rt)_1 exp (—; [(zl — a1)2 + (22 — ag)QD
satisfies the PDE with initial condition
95 (21, 22,05 a1, a2) = £6(21 — a1)8(22 — a2).

23



Furthermore, since the PDE is linear in &, any linear combination of these g*’s, with different values
of (a1,a2) also satisfies the PDE. We want to find that particular linear combination which also
satisfies the boundary and initial conditions. Consider the case n = 3, as illustrated in Figure 4. For
this correlation value, we have 33 = w/3. Let a circle enclosing a ‘+’ or ‘=’ represent the solution
gF, with the location of center of the symbol indicating the value of (a1, as). The first hextant,
enclosed by solid radii (representing the rays L; and Ls), is the region 6§ € [0,7/3], the region
where we want to find a solution to the PDE. The ‘+’ in the first hextant is located at (z10, 220),
which makes an angle 0y with respect to the z1-axis, and is at a distance ry from the origin. Since
this is the only symbol in the first hextant, the delta function initial condition is satisfied. The
other symbols are located as follows (each at distance ry from the origin): the ‘4’ symbols occur
at angles 6y + 27/3 and 0y + 47 /3, and the ‘=’ symbols occur at angles —fy, —6y + 27/3, and
—6p + 4w /3. We claim that h(z1, 22,t) is given by the sum of these six densities, each with unit
weighting. As already seen, this linear combination satisfies the PDE and initial condition, and
hence we only need to show that the absorbing boundary conditions are satisfied. But as is easily
seen from the symmetry of the diagram, the six densities cancel in pairs along the rays L; and
Ls. Hence the absorbing boundary conditions are satisfied, and the sum of these six Gaussians is
the unique solution for h(zi, z9,t). The solution for other values of n follows in a similar fashion,
leading to the result given.

PROOF OF THEOREM 3: Set

Bl(t> = wl(t)
By(t) = —Lun(t)-i-%wz(t)

V11— p? 1—p

Then, (B, By) is a standard (uncorrelated) two-dimensional Brownian motion.

(1) For density function uo, we have
uto(z1, z2,t; @) dry dzso
= P(OH<1a§t(a18 + o1wi(s)) < My, aqt + o1wi(t) € day; at + oows(t) € dxg)
_S_

= P(()rilaéit(als + UlBl(S)) < My, aqt + Ul(t)Bl(t) € dxi; ast + UQ(pBl(t) +4/1— ,OQBQ(LL)) € d:L'Q)

d$2 — Ozgt — pO'QBl (t)
1— p?

dxy — gt — poa(
= P(m X(OqS —|-O'131(S)) < My, aqt + UlBl(t) € da:l;ang(t) €

0<s<t /1 — p2
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= P(&laict(als + 0'131(8)) < Ml, ot + UlBl(t) € dxl; UQBQ(t) €
S8

)
I1—O¢1t>

o1 )




dl‘g — agt — pag(m;ilalt)

= P(pax (a1s + 01B1(s) < My, ont + o1B1(t) € dan) x Plo2Ba(t) € V1-p? )

Equation (10) follows immediately from part 1 of Theorem 1. The proof for u_q follows by sym-

metry.
(2) Similarly, for the density function fyo,

fro(z1, 22,5 @) d2y dao

= 73(0H<1a§t(a18 + 01w (8)) € dry; ast + oaws(t) € dxg)

= P(()rgaict(als + 01 By (8)) € dxri; ast + UQ(pBl(t) +14/1— pQBQ(t)) € d:BQ)

a1 d£E1 a9 dmg 1-— p2
- Bt B L e 2 YTt
P(guas (Ths+ Bu(s) € T T2 g By €S2 - )
o0 d d V1= p?
= [ Plmax(Ds+Bi(s) € L 22 Bi(t) € 22— Yo P By(t) = 2) x
—00 0<s<t 01 o1 02p a2p 1%
P(Bz(t) € dx)
o0 d d 1—p?
= [ Plmax(Zs+Bi(s) e L4 Bty e T2 Vo L (B B2y
—c0 0<s<t 01 o1 01 g2p0 P o1 o2p
P(Bg(t) S dx)
o 2(2y — ) (2y — 7)? a1 l,agy,, 1 z? dzy dzxo
= ————>exp(—————)exp(—Z — =(—)t)——=—=exp (——)dx
[/a vV 2mt3 p( 2t ) p(O'l 2(0'1 )\/27Tt p< 2t) pPO102

—p2
. \/ﬁx + (% — 22.)¢). In the last equation, we used

where we have set § = % and T = o - N 2

the density corresponding to the distribution given in Theorem 1. The lower integral bound a is

defined by the condition ¢ > & which is equivalent to

> P T2 1 %_ﬂ)t) a

> (- =+
\/1—p2(02p o1 (01 o2p

Evaluating the integral yields the result given. The result for fo_(z1, z2,t) follows by symmetry. B
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